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—— Abstract

Many applications of constraint solving require explanations for unsatisfiability and guidance on how

to restore satisfiability. A classical approach is to compute Minimal Unsatisfiable Subsets (MUSes),
which pinpoint a set of constraints causing a conflict, and Minimal Correction Subsets (MCSes),
which suggest a set of constraints that should be relaxed to restore feasibility. However, many
MUSes and MCSes may exist for a given constraint problem, making it difficult for end-users to
interpret and act upon them. Observing that MUSes often overlap substantially, we investigate
computing explanations at higher levels of abstraction to explore the explanation space more
effectively. Constraint models typically exhibit a natural structure, as modellers write constraints in
groups (for example, row, column, and block constraints for Sudoku). We leverage this structure to
derive explanations at multiple hierarchy levels, resulting in a framework for interactive hierarchical
explanations. To support the efficient use of this framework, we extend the MARCO algorithm
to support explanations at successive abstraction levels while reusing computations across levels
through incrementality. Preliminary experiments demonstrate significant efficiency gains compared
to directly using MARCO. The interactive setting enables users to progressively refine explanations
and select suitable repair options, while maintaining control over the number of generated conflict
sets and avoiding the combinatorial explosion associated with MUS and MCS enumeration.
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1 Introduction

Combinatorial problems are frequently solved using constraint solving. The user writes down
their problem as a constraint model, which is then solved using a state-of-the-art solver.

Following wider trends in the field of Ezplainable Artificial Intelligence (XAI), attention
has been devoted to explaining the output of constraint solvers to the user. In particular,
we focus on explaining why a problem is unsatisfiable, that is, why it admits no solution.
Traditionally, this is done by calculating Minimal Unsatisfiable Subsets (MUSes) and/or
Minimal Correction Subsets (MCSes), which communicate to the user, respectively, a minimal
set of constraints that are unsatisfiable together and a minimal set of constraints to remove
to make the problem satisfiable. However, directly calculating MUSes and MCSes from the
original problem constraints has its limitations. Firstly, every MUS only gives a localized,
partial view of the underlying cause of inefficiency. Moreover, calculating all MUSes and
MCSes to obtain a global overview is possible due to enumeration techniques that have
? Jane Open Access .and Joan R. Pu.blic;
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Interactive hierarchical explanations in constraint solving

been developed in recent years [9], however, a worst-case exponential number of MUSes and
MCSes may exist in terms of the number of constraints. Apart from inefficiency, this also
reduces user interpretability due to the large amount of information. However, different
MUSes tend to have many overlapping constraints; this raises the question of whether this
information can be aggregated.

Our goal is to maintain a global overview of the cause of conflict while also enabling user
interaction. In this way, we contribute to the relatively limited body of research on user-
centered explanations in constraint solving. Previous work on this topic [18] has addressed
the need for user support to be meaningful, useful, practical and flexible. To address these
challenges, we propose a setting in which information about the cause of a conflict is revealed
incrementally, upon user request. This approach avoids overwhelming the user while still
enabling interpretable explanations and effective repairs. We formalize the approach as
interactive hierarchical explanations in constraint solving.

2 Preliminaries

A CSP is a tuple (X,D,C) [17]. Here X is a set of variables, with domains defined by D,
and C is a set of constraints. A constraint ¢ € C is a tuple (R;, ;) where R; is a relation on
the variables in S; = scope(c) € X. This means that for all variables occurring in ¢, R; is
a subset of the Cartesian product of the domains of those variables. An assignment that
satisfies all constraints in a CSP is called a solution of the problem. When no solution of a
CSP exists, we say the CSP is unsatisfiable, and we seek to obtain explanations.

» Definition 1 (Minimal Unsatisfiable Subset (MUS) [12]). A Minimal Unsatisfiable Subset
(MUS) is an unsatisfiable subset U C C for which it holds that each strict subset U’ C U is
satisfiable.

An MUS is often used as an explanation of why a CSP is unsatisfiable, as it pinpoints a
cause of conflict in the constraints [6, 3].

» Definition 2 (Maximal Satisfiable Subset (MSS) [2]). A Mazimal Satisfiable Subset (MSS) is
a satisfiable subset N C C for which it holds that any strict superset N' D N is unsatisfiable.

An MSS can be used as an explanation to show which subset of the CSP can be satisfied.
The complement of an MSS is a Minimal Correction Subset.

» Definition 3 (Minimal Correction Subset (MCS) [11]). A Minimal Correction Subset (MCS)
is a subset M C C for which C\ M is satisfiable, and for any M' C M , C\ M’ is unsatisfiable.

For an end-user, an MCS is a subset of constraints that, when removed, leaves the
resulting CSP satisfiable. We will refer to MUSes and MCSes as conflict sets.

A partition IT of a set X is a collection of nonempty, pairwise disjoint subsets of X whose
union is X. Given two partitions IT and I’ of X, we say that IT' is a refinement of IT iff
for every P’ € TI' there exists P € II such that P’ C P. We denote this by I’ < II, and by
I < IIif I # 11.

3 Interactive hierarchical explanations

Jussien and Ouis [7] observe that constraint models can typically be grouped by means of a
hierarchy representing the problem, where constraints with similar meanings are grouped
together at a higher level of abstraction. This hierarchy can be derived automatically from the



86

87

88

89

90

91

92

93

94

95

96

97

98

99

100

101

102

103

104

105

106

107

108

109

110

111

112

113

114

115

116

117

118

119

120

J. Open Access and J. R. Public

Person Room
unavailable unavailable

Alice
unavailable

Bob
unavailable

Room B
unavailable

Room A
unavailable

Alice
unavailable
on Monday

Alice
unavailable
on Tuesday

Bob
unavailable
on Monday

Bob
unavailable
on Tuesday

Room B
unavailable
on Tuesday

Room B
unavailable
on Monday

Room A
unavailable
on Tuesday

Room A
unavailable
on Monday

Figure 1 Hierarchy of constraints for a simple planning problem, with the final abstraction set
IT' in Example 6 marked in blue.

model specification, e.g., using constraint paths in MiniZinc [15, 8], or it can be constructed
manually by the user.

In what follows, we assume that the hierarchy of constraints has been derived in one of
the ways outlined above. Using a hierarchy of constraints in an explanation setting has been
explored in earlier work [7, 8]; however, this paper presents the first formalization of this
idea.

Consider a CSP (X, D,C). We refer to every constraint ¢ € C as a primitive constraint.
Note that primitive constraints can still be complex, nested expressions written by the user,
and do not necessarily map to a solver-constraint such as a single global constraint or linear
inequality. A constraint group is a subset G C C, representing the conjunction of all primitive
constraints ¢ € G. Constraint groups can correspond to useful abstractions of their primitive
constraints, hence why they are also referred to as abstract constraints in the literature [8].

» Example 4 (Constraint group). In a model representing the rules of Sudoku where
ALLDIFFERENT(row;) for i € {1,...,9} are primitive constraints, they can be grouped to-

23:3

gether into a constraint group representing all row constraints : Vi € 1..9 : ALLDIFFERENT(row;).

A partition IT of C is equivalent to a set of constraint groups that together cover all
primitive constraints in C. Given that II reflects the level of abstraction used to view the
problem, we will refer to it as an abstraction set in what follows.

Now the concept of a group-oriented MUS, MSS and MCS generalizes from Definition 1, 2
and 3. This concept exists in the literature for SAT solving [1, 10, 14], where it is used on
high-level constraints that are treated as indivisible groups of clauses; we generalize it here.

» Definition 5. Given an unsatisfiable set of constraints C, explicitly partitioned into con-
straint groups I1 = {G1,--- , Gk}, a group-oriented minimal unsatisfiable subset of II is a
set of groups G C {G1,...,Gy} such that:

Ugeg G is unsatisfiable, and

for every G; € G, the formula UGeg\{Gi} G is satisfiable.

Group-oriented MCSes and MSSes can be defined equivalently.

Using these concepts, we can fully explain the setting of interactive hierarchical explana-
tions in Example 6. Given a constraint hierarchy as in Figure 1, the primitive constraints
C are equal to the leaf nodes in the tree, and any node in the tree represents a constraint
group G. From the hierarchy we therefore obtain a set of constraint groups G, as well as a
minimal refinement Il for every G € G with |G| > 1, induced by the children in the tree, so
that IIg < {G}.

» Example 6 (Interactive hierarchical explanations). Consider a simple planning problem
where events have to be planned during certain days: for every event, there is a list of people

CVIT 2016
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Interactive hierarchical explanations in constraint solving

that have to attend, and a list of rooms that can be used for the event. Every person and
room has a list of available days. Now suppose that a certain event could not be scheduled,
in other words, the problem is unsatisfiable. Assume that all foreground constraints of
the problem are grouped in a constraint hierarchy as in Figure 1, together with a natural
language description for each group.

Initially, we call a MUS and MCS enumeration algorithm on the abstraction set II
= {Person unavailable, Room unavailable}. Suppose that the enumeration algorithm
returns one group-oriented MUS ({Person unavailable, Room unavailable}), and two
group-oriented MCSes ({Person unavailable}, {Room unavailable}). In human language,
this means that people and rooms together are the cause of conflict, and that the conflict
can be fixed either by making people available or by making rooms available.

This explanation gives an initial indication of the cause of the conflict, but it is typically
not sufficiently detailed for an end-user. The user can then, for instance, examine G =
Room unavailable and zoom in on its specifics by applying its minimal refinement IIg =
{Room A unavailable, Room B unavailable}. Now the full abstraction set is II' ={Person
unavailable, Room A unavailable, Room B unavailable}, and it holds that II" < II.

Suppose that the new group-oriented MUS and MCSes are ({Person unavailable, Room
A unavailable}), and ({Person unavailable}, {Room A unavailable}), respectively. In
human terms, this indicates that the rooms mentioned in the previous explanation correspond
only to Room A. Therefore, not all active constraint groups (groups in the current abstraction
set) must be relevant constraint groups (groups in at least one group-oriented MUS or MCS);
Room B plays no role in the conflict on this abstraction level and is therefore not relevant.

As discussed in previous work [8], it is preferable to only refine relevant constraint groups.
However, we extend the setting described in this paper by allowing the user to select and
refine any subset of relevant constraint groups.

4 Incremental enumeration algorithm

4.1 Background and motivation

Having introduced the setting of interactive hierarchical explanations, it is clear that we must
be able to enumerate conflict sets for different abstraction sets efficiently. This motivates the
development of an incremental algorithm for enumerating MUSes and MCSes.

Our algorithm builds on MARCO [9]: given a set of constraints C;, MARCO can enumerate
all MUSes and MSSes / MCSes by exploring the power set P(C'). This is done by the map
solver which keeps track of already explored parts of P(C), and solves for an unexplored
subset of C.

Every constraint ¢ € C' is assigned a Boolean indicator variable b.. Any complete
assignment to these indicator variables indicates a subset X C C, where b, = true < c € X.
Starting from a subset X found by the map solver, if the satisfiability solver finds that X is
satisfiable, it is grown to an MSS, whereas if X is found to be unsatisfiable, it is shrunk to a
MUS.

After a MUS U has been found, all supersets of U must necessarily also be unsatisfiable.
Therefore, we add a block-up constraint \/_.;; =b. to the map solver expressing that the next
subset of C' cannot be a superset of U. After a MSS S has been found, we know that all
subsets of S must necessarily also be satisfiable. Therefore, we add a block-down constraint
Vo s be expressing that at least one constraint not in S must be in the next subset of C
found by the map solver. Afterwards the map solver solves for a new subset X C C respecting



166

167

168

169

170

171

172

173

174

175

176

177

178

179

180

181

182

183

184

185

186

187

188

189

190

191

192

193

194

195

196

197

198

199

200

201

202

203

204

205

206

207

208

209

210

211

212

J. Open Access and J. R. Public

the blocking constraints, and this is repeated until the map solver returns unsatisfiable; at
that point the search space has been fully explored.

However, in the setting introduced in Example 6 the set of constraints is not static: the
abstraction set Il containing constraint groups is subject to refinement. It would be desirable
to reuse previous calculations as much as possible; more specifically, no new constraints
should be posted to the satisfiability solver when II is refined, and the map solver should
still be able to block already explored parts of the search space when II is refined.

Let G be the set of constraint groups derived from the constraint hierarchy. To make
the satisfiability solver incremental, it suffices for every G € G to be assigned an indicator
variable bg, and to add bg = /\CeG ¢ to the satisfiability solver.

For the map solver, the important insight is that the blocking constraints are not only
valid for MUSes and MSSes, but for unsatisfiable and satisfiable subsets in general; it must
also hold that their supersets and subsets are unsatisfiable and satisfiable respectively.

Note that if U is a group-oriented MUS of II, then for any IT' < I, the set IT'|y; = {G’ €
II' | 3G € U : G’ C G} is a (group-oriented) unsatisfiable subset, since it partitions the
same primitive constraints as U does. II'|y is not necessarily minimal since the refinement
introduces additional granularity, but the block-up constraint containing b for all G € Il'|y
remains valid nevertheless. An equivalent argument holds for group-oriented MCSes and
block-down constraints. As a consequence, existing blocking constraints can be rewritten
when the abstraction set is refined, by replacing a group G by the groups that refine it.

4.2 Implementation

We present Algorithm 2, an algorithm that builds on MARCO [9] and dynamically rewrites
the blocking constraints based on the abstraction set I, with the initialization of the map
solver as an auxiliary function in Algorithm 1.

First, we must clarify the meaning of two new assumption variables. Given the abstraction
set II, ag, G € G is set to true iff G € 11, in other words, if G is an active group. pg,G €
{G’ € G||G’| > 1} is set to true iff there exists a Il < {G} so that II¢ C II. In other words,
G is a partitioned group, intuitively this means that the current abstraction set refines G.

For every G € G, we generalize block-up and block-down constraints to work with separate
variables ug and dg respectively, instead of directly using the indicator variables (line 15
and line 20). This way the map solver will never return unsatisfiable; there is always a valid
assignment (assign dg = true and ug = false for all G € G). This is desirable, since we do
not yet know the abstraction set II, and therefore the search space P(II) to consider. Now,
we wish to substitute variables ug and dg with the appropriate indicator variables based on
II.

We remark that for G € G, the indicator variables bg must be used in the blocking
constraints iff G is active. Therefore, during initialization, we add constraints to the map
solver requiring ug and dg to be substituted by b if G is active (see line 4). By performing
this substitution, the map solver will return unsatisfiable iff all subsets of P(II) have been
explored; this follows from the MARCO algorithm and is proven in the foundational work
introducing MARCO [9].

Next, we restate that for all partitioned groups G, conflict sets can be rewritten by
substituting G by the groups that refine it. In line 9 variables ug and dg are substituted
in such a way that existing blocking constraints are dynamically rewritten to refer to the
indicator variables belonging to groups in the current abstraction set. The minimal refinement
of every partitioned constraint group is iteratively applied until the currently active constraint
groups are reached.

23:5
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Interactive hierarchical explanations in constraint solving

Algorithm 1 Initialize map solver

1. procedure INITIALIZE(G', map)

Require: Set of constraint groups G’, map solver map

2 for all G € ¢’ do

3 ac,ba,dg,uq < BOOLVAR()

4 map < map A (ag = ((dg © bg) N (ug € bg)))

5 if |G| > 1 then

6: Il < MINIMALREFINEMENT(G)

7 map < INITIALIZE(IL;, map)

8 pG < BOOLVAR()

9: map < map A (pe = ((de < Vgren, do) N (ue © Veen,, ~uar)))
10: end if
11: end for
12: return map
13: end procedure

This extension to MARCO is fully incremental, making use of assumption variables; the
indicator variables bg for the satisfiability solver, and the variables ag and pg for the map
solver. GETASSUMPVARS in line 5 returns the assumption variables ag, pe that are true
given II. Then calls to the map solver (line 8) and satisfiability solver (line 10) are made
with the appropriate assumption variables. For GROW and SHRINK existing algorithms can
be used. After MARCO has fully explored P(II), ChangeAbstractionLevel() in line 23
asks the user to examine a subset of relevant constraint groups on a new abstraction level,
leading to a new abstraction set II.

5 Preliminary experiments

We present some preliminary experiments, showing the usefulness of Algorithm 2 when
iteratively refining the abstraction set IT compared to directly using MARCO on every
abstraction set separately.

We test this on an extended version of the planning problem described in Example 6:
this use case motivated the development of interactive hierarchical explanations. The
implementation of Algorithm 2 builds on the MARCO implementation in CPMpy [5], and is
tested against this implementation as a baseline. Both the map solver and the satisfiability
solver used are Exact [16] [4], due to its support for assumption variables and incremental
solving. All experiments were executed on a machine equipped with an AMD Ryzen 7 PRO
250 CPU running at 3.30 GHz. The Python version used is Python 3.13.5.

We consider three instances of the planning problem, and for every instance, we consider
an initial explanation step for a given abstraction set II (S1), followed by 3 refinement steps
(S2, S3, S4). For all four explanation steps, we benchmark two separate parts of Algorithm 2:
initialization of the assumption models and the solvers (line 1 to line 3), and enumeration
of conflict sets (from line 5 to line 22). Experimental results are shown in Table 1. We
see that the improvements of incremental MARCO compared to the baseline are twofold:
first, we do not need to reinitialize the satisfiability solver for every refinement step, since
separate indicator variables for every G € G exist. Therefore, despite the initialization time of
incremental MARCO being slightly slower due to Algorithm 1, it only needs to happen once.
Secondly, we also obtain time gains during conflict set enumeration; since the satisfiability
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Algorithm 2 Incremental MARCO

Require: Set of primitive constraints C with initial abstraction set II
Ensure: Group-oriented MUSes and MCSes of different abstraction sets II of C
1: map, sat < SOLVER()

2: map < INITIALIZE({C}, map)
3: continue < true
4: while continue do
5: assump < GETASSUMPVARS(II)
6: // 11 is a correction subset, since it partitions all primitive constraints
7 map < map A\ e da
8: while map(assump) is satisfiable do
9: seed + GETSOLUTION(map) N {bg|G € II}
10 if sat(seed) then
11: GroupMSS < GROW(seed)
12: GroupMCS « 1\ GroupMSS
13: output GroupMCS
14: // Block subsets of GroupMSS
15: map < map A \/GeGmupMCS dg
16: else
17: GroupMUS < SHRINK (seed)
18: output GroupMUS
19: // Block supersets of GroupMUS
20: map <= map AV ge groupmus UG
21: end if
22: end while

23: I1, continue + ChangeAbstractionLevel()
24: end while

Table 1 Time (in seconds) of initialization and enumeration for 3 instances, and 4 steps per

instance
Instance Method | Initialization | Enumeration
| S1 S2  S3 sS4 | S1 S2 S3 S4

Inst. 1 Baseline 14.93 13.19 12,99 12.77]1.38 45.62 88.56 110.99
nst. Incremental | 15.62 0.00 0.00 0.00 |1.13 41.54 55.08 54.63
Inst. 2 Baseline 0.51 045 0.44 044 ]0.10 0.38 11.68 36.33
nst. Incremental | 0.59 0.00 0.00 0.00 |0.08 0.24 10.30 30.31
Inst. 3 Baseline 44.10 44.42 44.31 43.77|4.73 10.16 18.97 50.50
nst. Incremental | 46.36 0.00 0.00 0.00 | 4.98 4.16 18.32 50.25

solver works equivalently to the baseline during enumeration, we see that making the map
solver incremental leads to additional time gains when refining IT in new explanation steps
(especially in Instance 1), since already explored parts of the search space P(II) remain
blocked. However, this behavior is not observed for every refinement step on every instance,
raising the question of when map solver incrementality provides the greatest benefit.
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6 Conclusion

We present an interactive framework for explaining unsatisfiability in constraint solving,
improving efficiency over a baseline approach through incrementality. This efficiency improve-
ment is observed in the preliminary experiments, both with respect to solver initialization
and enumeration of conflict sets. However, the effect of incrementality on explanation time
requires further investigation.

As user interaction is central to this setting, an important next step is the development
of intuitive visualizations for end users. We see promise in integrating this method with
an intelligent user interface, since our approach respects the well-recognized Shneiderman’s
Visual Information Seeking mantra [19]: overview first, zoom and filter, details on demand.

Additionally, it is worthwhile to explore further techniques for aggregating all conflict
information, in cases where a large number of conflict sets remains unavoidable. In such scen-
arios, partial conflict set enumeration and aggregation techniques such as power indices [13]
offer promising directions.
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