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The graph colouring problem is to assign colours to the vertices of a graph so that for
every edge the two endpoints have different colours. Determining the minimum number of
colours needed—the so-called chromatic number—is one of the most well-studied NP-hard
problems in theoretical computer science [1, 14, 25], and is also important for many practical
applications, including compiler optimization [4], numerical analysis [7], and scheduling [16].
Impressive progress in applied research [3, 6, 11] has led to solvers that can find optimal
colourings even for very large graphs in spite of the theoretical hardness results. However,
this leap in performance has come at the cost of increasing solver complexity, which makes
it challenging to avoid errors in algorithm design and implementation. Due to the use of
reductions and reformulations, it can even be tricky to recover solutions to the original
problem. This means that graph colouring is afflicted by the same concerns as in other
areas of combinatorial optimization, where even mature solvers sometimes erroneously claim
optimality or return “solutions” which fail to satisfy all constraints [8, 22].

The Boolean satisfiability (SAT) community has pioneered the use of certifying solvers to
address this problem. Certifying solvers use proof logging to output a machine-verifiable proof
that the answer the solver produced is correct. In the now de facto standard DRAT [23]
format, such a proof essentially consists of just the clauses that the solver has learned. As a
result, the overhead of proof generation is generally at most 10% of the solving time, while
proof checking can be done within a factor 10 of the solving time. Proof checkers also come
with a formally verified backend, which means that correctness is certified by the strongest
guarantees offered by formal methods [21].

The most successful approach to port these successes to more expressive paradigms is
pseudo-Boolean (PB) proof logging, which uses 0-1 linear constraints, and has been applied
in SAT-based optimization (MaxSAT) [2, 13], subgraph solving [9, 10], and constraint
programming [17, 18], among others. However, the overhead for proof generation and
checking has mostly been significantly larger for paradigms beyond SAT.
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End-to-End Certified Graph Colouring  (Extended Abstract)

In this work, we present for the first time a state-of-the-art graph colouring solver with
proof logging, namely a version of ZyKOVCOLOR [3] emitting VERIPB proofs.

ZYKOVCOLOR is based on the Zykov recurrence [26] combined with SAT solving, using
reified constraints to define new variables. To compute chromatic number lower bounds the
solver uses cliques but also detects Mycielski graphs [20], for which our proof logging uses
and extends work by Yolcu et al. [24]. The only technique for which we currently cannot
provide proof logging is the fractional chromatic number bound computed via LP duality
and column generation [12, 19], since VERIPB cannot reason about rational values, but this
feature has only a small impact on solver performance [3]. It has been shown previously that
proof logging can serve as a powerful debugging tool even for mature solvers [2, 15, 22|, and
our work on making ZYKOVCOLOR certifying provides yet another example of this in that it
helped fix a bug where a colouring with too many colours could be returned.

VERIPB proofs reason in terms of a 0—1 integer linear encoding of the graph colouring
problem instance. Though this encoding is quite straightforward, our proof checking workflow
includes formal verification of the translation by a CAKEPB frontend. Since CAKEPB also
has a formally verified backend for checking VERIPB proofs, we achieve end-to-end formally
certified results (similar to prior work [9]). An additional optimization is that an initial
upper bound on the chromatic number can be used to shrink encoding size substantially.

Our experimental evaluation shows excellent performance overall, with average proof
logging overhead of under 14% and average checking time of 1.4x solving time, but there are
also some problematic instances. For graphs with large cliques, the proofs need to rederive for
every colour that at most one vertex in the clique can take this colour (since all variables are
Boolean), while the solver automatically knows that this holds for any colour. This causes
an extra linear overhead for proof generation, similar to phenomena that have been observed
in proof logging for constraint programming [17, 18]. We also incur slowdowns for Mycielski
graphs of high order, since the pseudo-Boolean proofs for their chromatic number formalize a
rather subtle recursive argument that has to be explicitly written out and checked, whereas
the solver can just use that the theorem can be trusted to be true.

We should emphasize that our performance statistics were achieved only after several
rounds of careful optimization of the proof logging. For instance, it was crucial to generate
constraints as lazily as possible, and previous proofs for Mycielski graphs [24] were made
more efficient. For cliques with large intersections, it was important to recycle subderivations
for these intersections. This shows that while pseudo-Boolean reasoning makes efficient proof
logging possible even for advanced combinatorial algorithms, getting the low-level details right
to achieve good performance in practice is arguably still a bit too complicated for comfort.

The proof checking performance also hinges on a large number of low-level optimizations,
many of which do not seem to be related to graph colouring. Since writing an efficient proof
checker, including a formally verified backend, is immensely challenging, this provides an
additional argument in favour of a simple, unified proof logging format such as VERIPB,
which can be combined with different formally verified frontends for a wide range of problems.
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