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Abstract
Cardinality constraints are one of the most widely used high-level constraints in SAT-based reasoning.
Recently, it has been observed experimentally that the input ordering of cardinality encodings can
significantly affect the performance of SAT solvers, sometimes even more than the choice of the
encoding itself. In this paper, we study this phenomenon from a proof-complexity perspective,
showing that encoding the contradictory pair of constraints x1 +· · ·+xn ≥ k+1 and x1 +· · ·+xn ≤ k,
with totalizers and different input orderings, gives rise to exponentially hard formulas for Resolution.
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1 Introduction

Cardinality constraints are among the most widely used high-level constraints in SAT-based
reasoning. They express conditions of the form x1 + · · · + xn ≤ k or x1 + · · · + xn ≥ k where
the variables are Boolean, and therefore provide a natural bridge between pseudo-Boolean
reasoning, integer programming, and SAT. They are especially important in MaxSAT, where
in core-guided algorithms such as OLL [15], SAT solvers are repeatedly called as subroutines
and bounds on sets of relaxation variables are commonly represented by cardinality constraints.
Beyond optimization, cardinality constraints also arise in scheduling, resource allocation,
planning, configuration, and verification [9]. For this reason, their proof complexity is relevant
to both the theory of Resolution and the design of effective SAT encodings.

Since SAT solvers operate on CNF formulas, cardinality constraints must be compiled
into clauses. Hence, a line of research focuses on developing encodings that try to balance
compactness and propagation strength, such as totalizers [4], sequential counters [18], sorting
networks [6, 12], and cardinality networks [1].

For a single cardinality constraint, a good (propagation-complete) encoding can make
unit propagation essentially as strong as the original high-level constraint [5, 14].

The situation becomes more subtle when several cardinality constraints are present
simultaneously. Even if each individual constraint is propagation-complete, the CNF formula
obtained by taking the encodings together may not propagate all consequences of the system
of constraints. For instance, the auxiliary structure introduced by the encoding may depend
strongly on the ordering of the input variables. This is not only a question of formula size
or local propagation strength: recent experimental work [16] has shown that the ordering
of literals inside cardinality encodings can have a substantial impact on the performance of
SAT solvers, sometimes even larger than the choice of the encoding itself. This suggests that
different orderings may create auxiliary structures that are easy or hard for Resolution.

Our contributions. In this paper, we study this phenomenon from a proof-complexity
perspective. We consider the most basic contradictory system of cardinality constraints
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(Opposite Inequality Principle),

OIPn,ρ,k := Enc
(
x1 + · · · + xn ≥ k + 1

)
∧ Enc

(
xρ(1) + · · · + xρ(n) ≤ k

)
, (1)

encoded separately with totalizers and with different orderings of the input variables. More
precisely, for the standard ordering and another ordering given by a permutation ρ. Se-
mantically, the formulas OIPn,ρ,k are trivially inconsistent. Proof-theoretically, however, the
difficulty of refuting them can depend dramatically on the permutation ρ. If the two con-
straints use the same ordering, i.e., ρ(i) = i, then the two encodings have the same recursive
structure, and Resolution may efficiently identify the corresponding auxiliary variable values
(Theorem 3.1). In contrast, if ρ is a uniformly random permutation, then the two recursive
decompositions are “misaligned”, and we show that Resolution requires w.h.p. size 2Ω(n) to
refute OIPn,ρ,n/2 (Theorem 5.2).

The proof uses an intermediate bounded-arity formulation. Given a multigraph G = (V, E)
and a labeling of the vertices ` ∈ ZV , we consider the formula

Card(G, `) :=
∧

v∈V

CNF
( ∑

e3v

xe = `v

)
,

consisting of one variable for each edge and a cardinality constraint for each vertex, encoded
without additional variables. In particular, we focus on 4-regular bipartite graphs and labels
` = (3, 2, 2, . . . , 2). We prove that if G is a suitable boundary expander, then Card(G, `)
requires linear Resolution width (Theorem 4.4) and hence exponential Resolution size
(Corollary 4.5). For a random permutation ρ, we associate 4-regular multigraph Gρ,4 that
with high probability is such an expander (Theorem 2.3), giving a linear width lower bound
for Card(Gρ,4, `). Cardinality constraints similar to Card(G, `) but for different ` and other
proof systems were also studied in [13, 3].

The connection between OIPn,ρ,n/2 and Card(Gρ,4, `) with ` = (3, 2, 2, . . . , 2) is estab-
lished by a restriction argument. We restrict the two totalizers in the encoding of OIPn,ρ,n/2
so that each block of four consecutive input variables is forced to have Hamming weight 2,
except for one distinguished block where the weight is 3. After this restriction, the remaining
degrees of freedom correspond naturally to the edge variables of Card(Gρ,4, `).
Structure of the paper. Section 2 contains the preliminaries. In Section 3 we give the precise
definition of OIPn,ρ,k and the upper bound on the size of resolution refutations of OIPn,ρ,k

for ρ being the identity permutation (Theorem 3.1). In Section 4, we show width and size
lower bounds on the cardinality formulas Card(G, `) (Theorem 4.4 and Corollary 4.5) and,
in Section 5, we show the size lower bound OIPn,ρ,n/2 for a random ρ (Theorem 5.2).

2 Preliminaries

Given n ∈ N, let [n] = {1, . . . , n}. Consider the usual Boolean basis {∧, ∨, ¬, 0, 1} and the
corresponding classical interpretation of the symbols. Given a set X of Boolean variables, a
literal is a variable x ∈ X or its negation ¬x, a clause is a finite disjunction of literals, and a
CNF formula is a finite conjunction of clauses. The width of a clause C is the number of
literals that appear in it. A k-CNF formula is a CNF with all clauses in it of width at most k.
A (total) assignment α over the set X is a mapping α : X → {0, 1} that can be extended
to formulas using α(x ∧ y) = α(x) ∧ α(y), α(x ∨ y) = α(x) ∨ α(y) and α(¬x) = ¬α(x), and
simplifying using the usual properties of the connectives, such as F ∨ 0 = F , F ∨ 1 = 1 etc.
An assignment α is partial if dom(α) ( X. A CNF formula F is satisfiable if there is an
assignment α such that α(F ) = 1; otherwise, F is unsatisfiable.



I. Bonacina, J. Levy and I. M. Liberal 3

Resolution. Resolution [10, 17] is a sound and complete propositional proof system and is
arguably the most studied propositional proof system due to its connection with practical SAT
solving. Given a CNF formula ϕ, a resolution derivation of a clause D from ϕ is a sequence
C1, . . . , Cn of clauses such that Cn = D and for every i ∈ [n] either Ci is a clause in ϕ (Ci is
an axiom) or Ci is the result of applying one of the following inference rules with premises
that are already in the sequence: A∨x B∨¬x

A∨B (resolution rule) and A
A∨B (weakening rule),

where A, B are clauses and x is a variable. A refutation is a derivation of the empty clause ⊥.
The minimum size of a resolution refutation of ϕ (denoted size(ϕ ` ⊥)) is the smallest

number of clauses in a resolution refutation of ϕ. The minimum width needed to refute ϕ

in resolution (denoted width(ϕ ` ⊥)) is the minimum integer w s.t. there is a resolution
refutation of ϕ only containing clauses of width at most w.

One of the fundamental relations between size and width in resolution is the size-width
inequality [8]: for every unsatisfiable k-CNF formula ϕ over n variables,

size(ϕ ` ⊥) ≥ 2Ω((width(ϕ`⊥)−k)2/n) . (2)

Multigraphs and expansion. A graph is a pair G = (V, E) of where V is a set of vertices and
E is a set of undirected edges between vertices in V . A multigraph is a graph G = (V, E)
where edges can occur multiple times. A multigraph is bipartite if V = L ∪̇ R and for every
{x, y} ∈ E, x ∈ L and y ∈ R or vice versa.

The degree d(x) of a vertex x in V is the number of incident edges in x (counted with
multiplicity), and the degree of a multigraph is the maximum degree among all the vertices.
A (multi)graph is d-regular if all the vertices have degree d. Notice that, similarly to graphs,
a connected multigraph with all degrees even has an Eulerian cycle, i.e., a cycle visiting each
edge exactly once.

Given a multigraph G = (V, E) and a subset U ⊆ V , the set N(U) of neighbors of U is
the set N(U) := {y ∈ V : ∃x ∈ U {x, y} ∈ E}, and the boundary (or unique neighbors) of
U is the set ∂(U) := {y ∈ V : ∃! x ∈ U {x, y} ∈ E}. Notice that N(U) and ∂(U) are sets,
for example, even when the edge {u, v} ∈ E has multiplicity d > 1, N(u) = ∂(u) = {v} and
|N(u)| = |∂(u)| = 1.

A multigraph G = (V, E) is an (r, c)-expander if for every U ⊆ V with |U | ≤ r it holds
|N(U)| ≥ c|U |. The multigraph G is an (r, c)-boundary-expander if for every U ⊆ V with
|U | ≤ r it holds |∂(U)| ≥ c|U |.

I Lemma 2.1. If a degree-d multigraph G = (V, E) is an (r, c)-expander then it is also an
(r, 2c − d)-boundary-expander.

I Lemma 2.2. Let G be an (r, c)-expander with c > 1, then each connected component of G

has size at least r + 1.

Multigraphs from permutations. Let L = {u1, . . . , un} and R = {v1, . . . , vn}. A permutation
ρ ∈ Sn, gives naturally the bipartite graph Gρ = (L ∪̇ R, E), with edges E = {{ui, vρ(i)} :
i ∈ [n]}. For a given k dividing n, we consider the bipartite graph Gρ,k obtained from
Gρ, identifying consecutive vertices in L and R in blocks of size k. This gives a k-regular
bipartite multigraph. Formally, consider the partition of L as L = L1 ∪̇ · · · ∪̇ Ln/k where
Li = {uk(i−1)+j : j ∈ [k]}. Similarly, partition R into n/k blocks of k consecutive variables
R1, . . . , Rn/k. The k-regular bipartite multigraph Gρ,k = (V, E) has vertices

V = {L1, . . . , Ln/k} ∪̇ {R1, . . . , Rn/k} ,
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and edges {Li, Rj} with multiplicity given by the number of edges in Gρ connecting vertices
in the partition Li with vertices in Rj , that is

E = {{Li, Rj} : ∃` ∈ [n] u` ∈ Li and vρ(`) ∈ Rj} ,

and the multiplicity of {Li, Rj} is the number of distinct ` ∈ [n] verifying the condition.

I Theorem 2.3. Let ρ : [n] → [n] be a permutation chosen with uniform probability, and
let k be a constant. For any constant c < k − 2, there is a constant γ such that Gρ,k is a
(γn, c)-boundary-expander with high probability.

We omit the proof of this result, but the argument is similar to the one used in analogous
results on the expansion properties of random k-CNF formulas (see, for instance [7, 11]).

3 The Opposite Inequality Principle

We encode the formula OIPn,ρ,k using totalizers, that is

OIPn,ρ,k = Enc
(
x1 + · · · + xn ≥ k + 1

)
∧ Enc

(
xρ(1) + · · · + xρ(n) ≤ k

)
= Tot(x1, . . . , xn, y1, . . . , yn) ∧ yk+1 ∧

Tot(xρ(1), . . . , xρ(n), y′
1, . . . , y′

n) ∧ ¬y′
k+1 ,

where k ∈ {0, . . . , n − 1}, ρ : [n] → [n] is a permutation and Enc(·) is a CNF encodings of the
given cardinality constraints using a totalizer Tot, i.e., a circuit that has n Boolean inputs ~x =
(x1, . . . , xn) and n Boolean outputs ~y = (y1, . . . , yn) with the property that for each i ∈ [n−1],
yi ≥ yi+1 and the Hamming weight of ~x and ~y are the same. Tot(xρ(1), . . . , xρ(n), y′

1, . . . , y′
n)

is the same as the formula Tot(x1, . . . , xn, y1, . . . , yn) but with renamed internal and output
variables (see Figure 2a for a visual representation of the variables of OIPn,ρ,k).

Following [4], we consider CNF formulas Tot(x1, . . . , xn, y1, . . . , yn) constructed recursively
as follows: when n = 2, Tot(x1, x2, y1, y2) = (y1 ↔ x1 ∨ x2) ∧ (y2 ↔ x1 ∧ x2), and for n a
power of 2

Tot(x1, . . . , xn, y1, . . . , yn) = Tot(x1, . . . , xn/2, r1, . . . , rn/2) ∧
Tot(xn/2+1, . . . , xn, rn/2+1, . . . , rn) ∧
n/2∧
i=1

(
(ri ∨ rn/2+i → yi) ∧ (yn/2+i → ri ∧ rn/2+i)

)
∧

n/2∧
i,j=1

(
(ri ∧ rn/2+j → yi+j) ∧ (yi+j−1 → ri ∨ rn/2+j)

)
(3)

where the r’s are fresh auxiliary variables. This encoding of Tot above as a CNF uses Θ(n2)
clauses over O(n log n) variables in total. For n not a power of 2, the definition is similar.
For simplicity, we prove all the results of the paper for n being a power of 2.

I Theorem 3.1. When ρ is the identity permutation, the formula OIPn,ρ,k has a O(n2)-size
resolution refutation.

Proof sketch. It is not too hard to see that the encoding of Tot above has the prop-
erty that there are derivations of the clauses yi ↔ y′

i from Tot(x1, . . . , xn, y1, . . . , yn) ∧
Tot(x1, . . . , xn, y′

1, . . . , y′
n) in resolution size O(n2). The refutation of OIPn,ρ,k proceeds by



I. Bonacina, J. Levy and I. M. Liberal 5

induction, proving rj
i ↔ r′j

i for every layer j and every pair of auxiliary variables in the same
position (i, j) of both totalizers. Once obtained the clauses yk+1 ↔ y′

k+1, cutting with yk+1
and ¬y′

k+1 gives immediately the empty clause. An analysis (omitted here) shows that every
clause, say rj

i1
∧ rj

i2
→ rj+1

i3
, of the totalizer encoding is used only once in the derivation, in

this case, in the derivation of r′j+1
i3

→ rj+1
i3

. This allows us to conclude that the proof is
linear in the size of the formula. J

4 Cardinality Formulas

Given a multigraph G = (V, E) and a labeling ` ∈ ZV , let the Cardinality Formula over G

and ` be the following CNF:

Card(G, `) :=
∧

v∈V

CNF
( ∑

e3v

xe = `v

)
, (4)

where the CNF encoding of the cardinality constraint is the natural one that does not use
new variables. Notice that, when ` = (1, 1, . . . , 1) and G = (V, E) is a graph with |V | odd,
this is known as the Perfect Matching Principle on G (see for instance [13, 3]).
I Remark 4.1. When e is an edge with multiplicity m, technically we would need variables
xe,1, . . . , xe,m to distinguish between difference occurrences of the edge e. To ease the notation
we omit the reference to the multiplicity.

We consider Card(G, `) when G is a 4-regular multigraph and ` = (2, 2, . . . , 2) or ` =
(3, 2, 2, . . . , 2). Despite some similarity with the Perfect Matching Principle, the combinatorics
of Card(G, `) for ` = (2, . . . , 2) and ` = (3, 2, . . . , 2) is quite different, as the next two
observations show.

I Observation 4.2. Let G = (L ∪ R, E) be a 4-regular bipartite multigraph and ` = (2, . . . , 2).
Then, the formula Card(G, `) is satisfiable.

Proof. Since G is 4-regular, for each connected component of G, there is an Eulerian cycle
visiting all edges of the component. For each cycle v0, v1, . . . , vk, vk+1, with vk+1 = v0, map
xvi,vi+1 to 0 if vi ∈ R and vi+1 ∈ L, and to 1 otherwise. It is easy to see that this assignment
satisfies Card(G, `). J

With a similar argument as the above, but negating the assignment of part of the Eulerian
path in the connected component of the vertex with label 3, we can also prove the following
observation.

I Observation 4.3. Let G = (L ∪ R, E) be a 4-regular bipartite multigraph, ` = (3, 2, . . . , 2)
and let w ∈ R be the vertex with label 3. Then, for every vertex v ∈ L in the connected
component of w, there is an assignment α, satisfying all constraints in Card(G, `), except
the one for v, where

∑
e3v α(xe) = 3.

I Theorem 4.4 (width l.b. for Card(G, `)). Let G = (L ∪ R, E) be a 4-regular bipart-
ite multigraph, ` = (3, 2, . . . , 2). If G is a (r, c)-boundary-expander with c > 1, then
width(Card(G, `) ` ⊥) ≥ r(c − 1)/8.

Proof. Without loss of generality, let R be the set containing the vertex with label 3. Let
C be a clause in the variables of Card(G, `). We call a total assignment α critical if it
satisfies all constraints in Card(G, `) except the cardinality constraint for a single v ∈ L

where
∑

e3v α(xe) = 3. Recall that by assumption the vertex with label 3 is not in L.
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Given a set of vertices S ⊆ L, we write that S |= C if every total critical assignment
satisfying

∧
v∈S∪R CNF

( ∑
e3v xe = `v

)
also satisfies C. Consider the following complexity

measure µ(C) = minS⊆L {|S| : S |= C}.
It is immediate to see that for every clause C ∈ Card(G, `), µ(C) ≤ 1 and that µ is

sub-additive along resolution steps, that is µ(C ∨ D) ≤ µ(C ∨ x) + µ(D ∨ ¬x). We also have
that µ(⊥) > r. To prove this, it is enough to show that for every S ⊆ L with |S| ≤ r,∧

v∈S ∪ R

CNF
( ∑

e3v

xe = `v

)
(5)

is satisfiable. By Observation 4.2, every connected component in S with constant labeling
2 is satisfiable. By Lemma 2.2, the connected component of the vertex with label 3 has
size at least r + 1, and by Observation 4.3, that connected component can be satisfied only
violating one cardinality constraint that can be anywhere in the connected component. Since
|S| ≤ r we can choose the violated cardinality constraint in L but outside S and hence (5)
is satisfiable.

By a standard medium complexity clause argument, there must exist a clause C in the
refutation of Card(G, `) with r/2 < µ(C) ≤ r. Let S ⊆ L be the witness of the fact that
r/2 < µ(C) ≤ r, that is r/2 < |S| ≤ r and S |= C.

We call a vertex u in S good if there are at least two distinct vertices v1, v2 in ∂(S) s.t.
{u, v1} ∈ E and {u, v2} ∈ E. Let U be the set of all good vertices in S.

First, let’s give a lower bound on |U |. We have the following chain of inequalities

|S| + 4|U | ≥ |S \ U | + 4|U |
= |N(S \ U) ∩ ∂(S)| + 4|U | [for each v ∈ S \ U , |N(v) ∩ ∂(S)| = 1]

≥ |N(S \ U) ∩ ∂(S)| + |N(U) ∩ ∂(S)| [G is 4-regular]

= |∂(S)| ≥ c|S| . [by expansion since |S| ≤ r]

Which gives |U | ≥ (c − 1)|S|/4. To conclude we only need to show that the width of C is at
least |U |. This together with |U | ≥ (c − 1)|S|/4 and |S| > r/2 gives the width lower bound.

To show that the width of C is at least |U | is enough to show that for every u ∈ U , the
clause C must contain a variable xe for some e 3 u or some e 3 v1, e 3 v2 where v1, v2 are
the vertices in ∂(S) witnessing the fact that u ∈ U .

Suppose, towards a contradiction, that there is u ∈ U and distinct v1, v2 in ∂(S) s.t.
{u, v1} ∈ E and {u, v2} ∈ E such that C does not contain variables xe with e 3 u or e 3 v1
or e 3 v2.

By minimality of S, there is an assignment α such that α(C) = 0, α satisfies∧
v∈S\{u} ∪ R

CNF
( ∑

e3v

xe = `v

)
, (6)

and
∑

e3u α(xe) = 3. We have few cases to consider but in all of them the strategy is the
same: show that there is always an i ∈ {1, 2} s.t. α(xu,vi) = 1 and α(xv′,vi) = 0 with v′ /∈ S.
We flip the values of those variables, getting a new critical assignment α′. Since neither xu,vi

nor xv′,vi appear in C, α(C) = α′(C) = 0, but
∑

e3u α′(xe) = 2 and therefore α′ satisfies∧
v∈S ∪ R

CNF
( ∑

e3v

xe = `v

)
, (7)

contradicting the assumption that S |= C. To conclude we need to show that there is always
an i ∈ {1, 2} s.t. α(xu,vi

) = 1 and α(xv′,vi
) = 0 with v′ /∈ S. Since

∑
e3u α(xe) = 3, it is not
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u

v1

v2

1

(a) {u, v1} has multiplicity 1

u

v1

v2

1

(b) {u, v1} has multiplicity 2

u

v1

v2

1

(c) {u, v1} has multiplicity 3

Figure 1 Possible cases to consider according to the multiplicity of the edge {u, v1}. The
multiplicity of the edge {u, v2} is not drawn.

possible that α(xu,v1) = α(xu,v2) = 0. W.l.o.g. let v1 be the vertex that we are guaranteed
has α(xu,v1) = 1. The edge {u, v1} can have multiplicity 1, 2, or 3 (see Figure 1) but not 4.
Case 1 ({u, v1} has multiplicity 1, see Figure 1a). Since v1 has degree 4 and v1 ∈ ∂(S), there
are three edges e1, e2, e3 connecting v1 with vertices outside S. The assignment α cannot
map all variables xe1 , xe2 , xe3 to 1 otherwise

∑
e3v1

α(xe) = 4, while we know that α satisfies
the cardinality constraint in v1. Thus, we know that

∑
e3v1

α(xe) ≤ 3 and therefore there is
an ei s.t. α(xei) = 0.
Case 2 ({u, v1} has multiplicity 2, see Figure 1b). Since v1 has degree 4 and v1 ∈ ∂(S),
there are two edges e1, e2 connecting v1 with vertices outside S. If the assignment α maps
all variables xe1 , xe2 to 1,

∑
e3v1

α(xe) ≥ 3, if the label of v1 was 2 this gives a contradiction.
If the label of v1 is 3, then the other edge connecting u with v1 must be mapped to 0, and
hence the edge {u, v2} must be mapped to 1 (and v2 has label 2), hence we can argue as in
the previous case. It is not possible that all edges adjacent to v2 have label 1.
Case 3 ({u, v1} has multiplicity 3, see Figure 1c). The similar argument is left to the reader.

The case analysis above shows that there is always an i ∈ {1, 2} s.t. α(xu,vi) = 1 and
α(xv′,vi

) = 0 with v′ /∈ S, concluding the proof. J

Theorem 4.4 above and Theorem 2.3 imply that width(Card(Gρ,4, `) ` ⊥) = Ω(n) when ρ

is a random permutation, and the size-width inequality in (2) implies the following corollary.

I Corollary 4.5. For a random permutation ρ : [n] → [n] and ` = (3, 2, . . . , 2), with high
probability, Card(Gρ,4, `) requires resolution proofs of size at least 2Ω(n).

5 Lower bound on the Opposite Inequality Principle

In this section we assume n to be a multiple of 4. We first show that a width lower bound for
Card(Gρ,4, `) for ` = (3, 2, . . . , 2) implies a width lower bound for a restriction σ of OIPn,ρ,n/2
(Lemma 5.1). The restriction σ gives a value to all variables of OIPn,ρ,n/2 except the input
variables and the variables in Tot and Tot′ immediately above the variables. The values
given by σ are enforcing only assignments that are consistent with x1 + x2 + x3 + x4 = 3,
x5 + · · · + x8 = · · · = xn−3 + · · · + xn = 2 and xρ(1) + xρ(2) + xρ(3) + xρ(4) = · · · =
xρ(n−3) + · · · + xρ(n) = 2 (see Figure 2b). In particular, σ does not falsifies OIPn,ρ,n/2.

The connection between Gρ,4 and OIPn,ρ,n/2|σ is that Gρ,4 imposes essentially the same
constraints of OIPn,ρ,n/2|σ by identifying the vertices in {x1, x2, x3, x4}, {x5, x6, x7, x8},
. . . , {xn−3, xn−2, xn−1, xn}, and in the permuted sets, and imposing cardinality constraints
analogous to the ones in OIPn,ρ,n/2|σ (see Figure 2c for the Gρ,4 associated to Figure 2b).

I Lemma 5.1. Let ρ : [n] → [n] be a permutation and ` = (3, 2, . . . , 2). We have that
width(OIPn,ρ,n/2

∣∣
σ

` ⊥) ≥ 1
2 width(Card(Gρ,4, `) ` ⊥) − 1.

Proof. To show this, we use the characterization of the resolution width as a game [2]:
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y1 y2 y3 y4 y5 y6 y7 y8

r2
1 r2

2 r2
3 r2

4 r2
5 r2

6 r2
7 r2

8

r1 r2 r3 r4 r5 r6 r7 r8

x1 x2 x3 x4 x5 x6 x7 x8

ρ

x2 x1 x4 x6 x3 x8 x5 x7

r′
1 r′

2 r′
3 r′

4 r′
5 r′

6 r′
7 r′

8

r′2
1 r′2

2 r′2
3 r′2

4 r′2
5 r′2

6 r′2
7 r′2

8

y′
1 y′

2 y′
3 y′

4 y′
5 y′

6 y′
7 y′

8

(a)

1 1 1 1 1 0 0 0

1 1 1 0 1 1 0 0

r1 r2 r3 r4 r5 r6 r7 r8

x1 x2 x3 x4 x5 x6 x7 x8

ρ

x2 x1 x4 x6 x3 x8 x5 x7

r′
1 r′

2 r′
3 r′

4 r′
5 r′

6 r′
7 r′

8

1 1 0 0 1 1 0 0

1 1 1 1 0 0 0 0

(b)

2 2

3 2

x 6 x
3

x1 x2 x4 x5 x7 x8

(c)

Figure 2 In (a) we give a graphical representation of the variables of OIP8,ρ,4 with the permutation
ρ = (1 2)(3 5 7 8 6 4); in (b) The restriction σ; and in (c) the graph Gρ,4 and labelling ` associated
to OIP8,ρ,4|σ.

Given a CNF formula ϕ and w ∈ N, width(ϕ ` ⊥) ≥ w if and only if there exists a non-empty
set of partial assignments H s.t., for all α ∈ H,
1. α(ϕ) 6= ⊥,
2. for all β ⊆ α, β ∈ H, and
3. if | dom(α)| < w and x /∈ dom(α), then exists β ∈ H s.t. β ⊇ α and x ∈ dom(β).

Let w = width(Card(Gρ,4, `) ` ⊥), X the set of variables of Card(Gρ,4, `) and X ∪ R ∪ R′

the set of variables of OIPn,ρ,n/2
∣∣
σ
. By the characterization above there exists a family H of

partial truth assignments on X satisfying the conditions 1–3 above with ϕ = Card(Gρ,4, `).
To show that width(OIPn,ρ,n/2

∣∣
σ

` ⊥) ≥ 1
2 w − 1 we use the other implication in the

characterization.
By the construction of the totalizer (see Figure 2b) we have that, for i ∈ [n] odd,

ri ↔ xi ∨ xi+1, and for i ∈ [n] even, ri ↔ xi ∧ xi−1, and similarly for r′
i. This means

that every assignment α over the X-variables, can be extended to an assignment α+ on
X ∪ R ∪ R′ in the following way: on variables of X, α coincides with α+, and if i odd and
both xi, xi+1 ∈ dom(α), then α+(ri) = α(xi) ∨ α(xi+1). If i even and both xi−1, xi ∈ dom(α),
then α+(ri) = α(xi−1) ∧ α(xi). On the r′

is α+ is defined similarly.
Consider the family of assignments H′ := {α′ : ∃α ∈ H α′ ⊆ α+}. Clearly H′ is

non-empty and if β′ ⊆ α′ and α ∈ H′, then β′ ∈ H′. Moreover, since no partial assignment
in H falsifies Card(Gρ,4, `), then, by construction, no assignment in H′ falsifies OIPρ,n/2

∣∣
σ
.

Now given α′ ∈ H′ with | dom(α′)| ≤ w
2 − 1 and v ∈ (X ∪ R ∪ R′) \ dom(α′) we want

to show that there exists β′ ∈ H′ s.t. β′ ⊇ α′ and v ∈ dom(β′). Let α ∈ H s.t. α′ ⊆ α+

and let α be of minimal domain. Clearly | dom(α)| ≤ | dom(α+)|, and, by minimality,
| dom(α+)| ≤ 2| dom(α′)| which in turn is at most w − 2 by the assumption on | dom(α′)|.
Case 1 (v ∈ X). By the properties of H there exists β ∈ H s.t. β ⊇ α and v ∈ dom(β).
Case 2 (v ∈ R∪R′). Assume w.l.o.g. that v ∈ R. Then, v ↔ xi∨xi+1 or v ↔ xi−1∧xi. Since
the argument is very similar in both cases, we just consider v ↔ xi ∨xi+1. Since v /∈ dom(α′),
by the minimality of α+, xi and xi+1 are not in dom(α+). Since | dom(α+)| ≤ w − 2, there
exists β ∈ H s.t. β ⊇ α and xi, xi+1 ∈ dom(β).

In both cases take β′ = β+. By definition β+ ∈ H′ and since α ⊆ β then α+ ⊆ β+ and
hence β+ ⊇ α′ and by construction v ∈ dom(β+). J
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I Theorem 5.2. Let n be a multiple of 4 and ρ : [n] → [n] a uniformly random permutation.
With high probability, size(OIPn,ρ,n/2 ` ⊥) = 2Ω(n).

Proof. Let 1 < c < 2 and ` = (3, 2, . . . , 2) and consider the restriction σ. By Theorem 2.3,
there exists a constant γ such that the multigraph Gρ,4 is with high probability a (γn, c)-
boundary-expander, hence, by Theorem 4.4 width(Card(Gρ,4, `) ` ⊥) = Ω(n), and, by
Lemma 5.1, width(OIPn,ρ,n/2

∣∣
σ

` ⊥) = Ω(n). Hence by the size-width inequality in
(2), size(OIPn,ρ,n/2

∣∣
σ

` ⊥) = 2Ω(n). Since restrictions do not increase resolution proofs,
size(OIPn,ρ,n/2 ` ⊥) = 2Ω(n). J
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