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—— Abstract

Satisfiability Modulo Theory (SMT) has recently emerged as a powerful tool for solving various
automated reasoning problems across diverse domains. Unlike traditional satisfiability methods
confined to Boolean variables, SM'T can reason on real-life variables like bitvectors, integers, and
reals. A natural extension in this context is to ask quantitative questions. One such query in the
SMT theory of Linear Real Arithmetic (LRA) is computing the volume of the entire satisfiable region
defined by SMT formulas. This problem is important in solving different quantitative verification
queries in software verification, cyber-physical systems, and neural networks, to mention a few.

We introduce ttc, an efficient algorithm that extends the capabilities of SMT solvers to volume
computation. Our method decomposes the solution space of SMT Linear Real Arithmetic formulas
into a union of overlapping convex polytopes, then computes their volumes and calculates their union.
Our algorithm builds on recent developments in streaming-mode set unions, volume computation
algorithms, and AlISAT techniques. Experimental evaluations demonstrate significant performance
improvements over existing state-of-the-art approaches.

2012 ACM Subject Classification Theory of computation — Automated reasoning

Keywords and phrases Volume Computation, SMT, Model Counting

1 Introduction

Satisfiability Modulo Theories (SMT) has revolutionized automated reasoning, serving as
the foundational technology for diverse problems [32]. The power of SMT stems from its
ability to reason over diverse theories, including bitvectors, reals, and integers, extending
well beyond the capabilities of traditional SAT solvers [6, 7, 9, 16, 42]. This versatility has
established SMT as the de facto decision procedure not only in formal verification of software
and hardware workflows [29, 40], but across numerous domains requiring sophisticated
logical reasoning, including security [4], test-case generation, synthesis, planning [10], and
optimization [43].

Meanwhile, quantitative reasoning has emerged as a critical advancement in satisfiability
solving. Rather than merely determining whether a Boolean formula can be satisfied, model
counting [12, 28] techniques calculate the number of satisfying assignments — establishing
a robust framework for addressing quantitative challenges like probabilistic inference [14],
software verification [47], network reliability [19], neural network verification [5], and numerous
other problems [44].

O This paper was published in the proceedings of the International Conference on Principles of Knowledge
Representation and Reasoning (KR) 2025. Full version available at https://arxiv.org/abs/2508.09934
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The natural evolution of these parallel developments leads to the compelling extension to
effectively handle quantitative queries within SMT frameworks. This challenge is nuanced by
the diversity of the underlying theories, each demanding different approaches. In discrete
domains like bitvectors and linear integer arithmetic, the problem manifests as model
counting. For linear real arithmetic, it transforms into volume computation or counting
distinct regions. Chistikov, Dimitrova and Majumdar [15] presented a notation of measured
theories, unifying quantitative problems across different discrete and continuous thories and
theory combinations. Recent years have witnessed remarkable progress across these domains,
yielding both theoretical insights and practical algorithms for bitvectors [11, 15, 31], linear
integers [15, 25, 23, 26], reals [15, 27, 39], strings [3], and projected counting over large
classes of SMT formulas [15, 45]. Apart from [39, 15, 27], these approaches are mostly limited
to discrete domains, and hardly extended to continuous domains. In this work, we address
the question: Given an SMT LRA formula, can we design an efficient volume computation
algorithm?

Our primary contribution is the development of ttc, a novel algorithmic framework that
provides an affirmative answer to this question. The ttc algorithm approximates the volume
of SMT LRA formula solution spaces with provable theoretical guarantees.

We start with a very related and well-studied problem to SMT volume computation:
the problem of volume computation of bounded convex bodies. Sophisticated exact and
approximate methods to solve the problem have been developed in the last few decades.
Although the exact volume problem is #P-hard, the seminal work by Dyer, Frieze and
Kannan [20] showed a polynomial-time randomized approximation algorithm (FPRAS) for
this problem. Furthermore, advancements have not only improved the asymptotic running
times of these algorithms [35, 2, 33, 36, 37, 30, 34, 18] but also yielded practically efficient
methods that forgo certain theoretical guarantees to eliminate prohibitive hidden constants
in their runtime [17].

A central challenge in applying these ideas to SMT lies in the non-convex nature of
the solution spaces generated by SMT formulas. Unlike convex bodies, non-convex regions
are more complex to analyze due to their irregular shapes and potential discontinuities. A
natural strategy to overcome this hurdle is to partition the non-convex space into a union of
convex bodies, where each convex piece can be more easily managed with existing techniques.
Decomposing a non-convex SMT solution space into convex components introduces its own
set of challenges. Current state-of-the-art techniques can’t handle the union of non-disjoint
components. In many cases, the decomposition yields an excessive number of disjoint
components, which may not accurately reflect the underlying structure of the solution
space. In practice, solution spaces manifest as unions of overlapping, non-disjoint polytopic
regions with boundaries and intersections that encode critical constraint information. This
overlapping structure is not merely theoretical—our empirical analysis reveals cases where
state-of-the-art decomposition techniques transform a natural representation of 7 overlapping
polytopes into an unwieldy collection of 20,595 disjoint components, creating unnecessary
computational complexity.

Our approach builds upon recent advancements in counting distinct elements across set
unions in streaming models by Meel, Vinodchandran and Chakraborty [41]. The fundamental
challenge in adapting the MVC algorithm to volume computation arises from the inherent
difference between discrete and continuous domains. The MVC algorithm was specifically
engineered for discrete settings, while volume computation operates in continuous space.
We overcome this obstacle through a principled discretization approach, effectively reducing
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continuous volume computation to the problem of counting lattice points within a carefully
constructed fine-grained lattice space.

We have implemented ttc and evaluated it on a comprehensive benchmark suite. The
results demonstrate significant gains in scalability and accuracy. Out of a benchmark set of
1131 instances, ttc solved 1112, while the current state of the art can solve only 145.

2  Algorithm and Analysis

Given an SMT LRA formula F, the ttc algorithm returns an estimate of Volume (F'). Initially,
the algorithm decomposes the solution space of the SMT formula into non-disjoint polytopes
and computes the volume for each polytope. Subsequently, it estimates the volume of the
union of the polytopes’ solution space using a sampling-based approach.

Algorithm 1 ttc(F,¢, )

1: F4,M < BooleanAbstraction(F)

2. C' «+ toDNF(F#)

3: b< GetPrecision(C,M,§)

4 5,0« 2

5: Thresh < max (24- %,6(1){1% +1In m))

6: p—1; X0

7. for i =1 to m do

8: t < ComputeVolume(Polytope(c;), €', d)

9: for s € X do

10 if s € Polytope(c;) then remove s from X
11: while p > @ do

12: Remove every element of X' with prob. 1/2
13: P+ p/2

14: N; < Poisson(t - p)

15: while N; 4+ |X| > Thresh do

16: Remove every element of X with prob. 1/2
17: N; + Poisson(t - p/2) and p + p/2

18: S « GenerateSamples(Polytope(c;), N;, b)

19: X .Append(S)
20: Output |X|/p

Since we only have a volume computation algorithm for convex polytopes, but the solution
space of an SMT formula may be non-convex, we decompose the solution space as a union
of convex polytopes. First, we observe that using C', the Boolean abstraction of F' in DNF
form, we can capture the solution space of F' as a union of polytopes. Let ¢; = /\;”:1 l;; be a
cube in the DNF. Then, the conjunction /\;“:1 M (¢;;) of the corresponding linear inequalities
defines a (possibly empty) convex polytope, which we denote by Polytope(¢;). We can show
that (J—, Polytope(c;) = Sol(F). This relation shows that the DNF representation of the
Boolean abstraction of an SMT formula can be used to decompose its solution space into
convex polytopes.

To efficiently compute the union of these polytopes, we leverage recent breakthroughs in
streaming algorithms for set union operations. The central idea is to compute the union of
volumes by maintaining a representative set of points that approximates the total volume.
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The main caveat of this approach is that the algorithm requires the underlying sets to be
finite, while the volume of a polytope cannot be measured directly with a finite number of
points. To overcome this issue, we consider an axis-parallel lattice in R™ with cell side length
107%, defined as L™ = 107°Z" = {(107%k;,10 "%k, ..., 107%k,,) | k; € Z for i = 1,...,n}. If
b is sufficiently large, we can use this lattice to establish a relationship between the number
of lattice points contained within a polytope, |K NL"|, and the volume of the polytope,
Volume (K).

We present our algorithm, ttc, in Algorithm 1, and in the subsequent part, we describe
the algorithm in detail.

In line 1 of ttc, we parse the formula F' and construct its Boolean abstraction as a circuit,
specifically as an And-Inverter Graph (AIG). Then, in line 2, ttc converts the circuit to DNF.
The circuit representation enables us to avoid introducing any auxiliary variables. In essence,
converting the circuit to DNF is equivalent to solving a circuit AIISAT problem, for which
we leverage recent advances in the literature.

Based on the desired accuracy € of the volume estimate, we begin by computing the
precision parameter b using GetPrecision in line 3, and threshold value Thresh in line 5,
which determines approximately how many points will be maintained during the algorithm’s
execution. In the main loop (lines 7 to 19), we process each cube Polytope(c;) sequentially.
For each cube, we first compute the (approximate) volume of its corresponding polytope
using a polytope volume computation algorithm ComputeVolume (line 8). Next, in line 10,
the algorithm removes from the current set X all solutions that are already accounted for. We
then determine the number of solutions N; that would be sampled from Polytope(c;) if each
solution were independently sampled with probability p; here, N; is modeled by a Poisson
distribution. Since we wish to keep the size of X bounded by Thresh, if the sum |X| 4+ N;
exceeds Thresh, we decrease p and adjust N; accordingly—this adjustment is performed by
resampling N; from a Poisson distribution with the revised parameter (p) and by removing
elements from X with probability 1/2 (line 12). Next, we sample N; solutions from the cube
¢; uniformly at random and add to X—this is essentially done by uniformly sampling a

lattice point from Polytope(c;) NIL™. Finally, the algorithm outputs the final volume estimate
1x|
>
The description of GetPrecision subroutine is deferred to the final version of the paper.

2.1 Analysis

» Theorem 1. Given a set F', and parameters €,6 € (0,1], ttc returns an estimate Est of
Volume (F') such that with probability at least 1 — 0,

Est € [(1 —¢) - Volume (F), (1 +¢) - Volume (F)].

» Theorem 2. The ttc algorithm takes exponential time w.r.t. v in decomposing the polytope,
where v is the number of variables in FB‘f‘, The number of cubes m can be exponential of v as
well.

» Theorem 3. Let m denote the number of decomposed polytopes. Then the ttc algorithm
runs in time O(mn?), where n is the number of dimensions and the O(-) notation suppresses

polylogarithmic factors in € and 6.

Proof. Deferred to the extended version. <
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2.2 Implementation

We implemented a Python prototype for testing the algorithm and its efficiency. We use the
following tools for different parts of the Algorithm 1.

Decomposing into Polytopes. We use a combination of the existing SMT solver and Circuit
AlISAT solver to decompose the SMT solution space into convex polytopes. Specifically, we
do the following;:

Boolean Abstraction. To create the Boolean abstraction of the SMT formula in line 1 of
Algorithm 1, we instrument cvc5 [6] to create the abstraction as an AIG. By default,
cveh creates the abstraction as a CNF, which we wanted to avoid, since converting to
CNF introduces numerous auxiliary variables, making it difficult to enumerate the solutions
in a DNF form. For each of these Boolean operations of SMT formula, we constructed
corresponding gates for the AIG. This avoids unnecessary blow-up and retains the semantic
structure of the original formula.

Circuit to DNF. To convert the AIG to DNF in line 2, we use the HALL tool [22, 21], which
employs a dual-rail based implementation to generate all solutions of the AIG. The solutions
are represented as a non-disjoint DNF.

Constructing the Polytopes. While instrumenting cvch to generate the Boolean abstraction,
we simultaneously capture which variables correspond to which linear inequalities. For each
cube of the DNF, therefore, we maintain a mapping indicating which set of linear inequalities
this cube corresponds to. Given this map and the cube, we construct the polytope.

Polytope Volume Computation. In ComputeVolume (line 8), we employ the Gaussian cooling-
based algorithm developed by [17], which offers a more practical implementation of their
theoretically rigorous approach [18]. While the original algorithm [18] provides volume
approximation with (g,d) guarantees, its prohibitive running time of 10O(n?) limits
practical applications. The key insight in [17] was that these substantial constant factors can
be significantly reduced in practical scenarios without severely compromising accuracy, though
this comes at the cost of theoretical guarantees. Our implementation utilizes VolEsti, the
software package by Chalkis and Fisikopoulos [13] that implements this practical algorithm.

Preprocessing The polytopes generated by the Polytope(c) procedure may contain redundan-
cies and hidden equalities. Hidden equalities render the polytope degenerate - resulting in
zero volume in d dimensions. Additionally, redundancies significantly complicate the volume
computation for the underlying algorithm. We address these challenges by incorporating
CDD as a preprocessing step, which effectively identifies hidden equalities and eliminates re-
dundant inequalities. This preprocessing phase yields substantial performance improvements,
particularly valuable when processing inequalities derived from SMT files, which often lack
optimal formulation.

Polytope Sampling. For polytope sampling algorithm GenerateSamples in line 18, we employ
the Monte Carlo random walk hit-and-run algorithm [46]. Each random walk begins from a
point within the convex body and executes a specified number of steps, termed the walk length.
Greater walk lengths produce final points less correlated with the starting position. The
number of steps required to generate an uncorrelated point, one approximately sampled from
a distribution, is known as the mizing time. Lovasz and Vempala [38] showed that 101°0O(n?)
is a sufficient mixing time for hit and run. However, such requirements are computationally
intractable in practice. Following the empirical observations of Lovasz and Dedk [34], we
therefore constrain our implementation to n steps of hit-and-run, which offers a reasonable
balance between sampling quality and computational efficiency.
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3 Experimental Evaluation

We evaluated our implementation concerning both efficiency and accuracy®.

Baseline. For performance evaluation, we used the current state of the art volume computation
framework SharpSMT[24], which offers two distinct modes: the polyvest algorithm, which
estimates the volume, and vinci, which performs exact volume computation. To establish
meaningful comparisons, we utilized polyvest for performance analysis and vinci for accuracy
check. We also compare our performance against hashing-based volume computation tool
by [15]. We use the name cdm for this tool, by initials of the authors. Another possible
baseline is to replace the union part of ttc algorithm (lines 3 - 19) with the algorithm of [8, 1].
We implemented their algorithm, and used it as a baseline. We name this tool as bf /acd.

Benchmarks. As a first step, we sought to rely on benchmarks from SMT-Lib, but these
benchmarks could not be handled by polyvest or vinci owing to them containing extremely
thin geometric regions where dimensions may be constrained to narrow ranges (e.g., (0,1077)).
In these cases, polyvest and vinci fail to handle the required precision and incorrectly classify
these polytopes as degenerate with zero volume. To avoid results confounded by numerical
precision rather than algorithmic differences, we do not include SMT-LIB in our evaluation.
Accordingly, we focus on the construction of synthetic instances that are disjunctions of
intersecting polytopes, with each polytope defined in H-representation (Ax < b). In total,
our benchmark suite consists of 1131 benchmarks.

1. We vary two parameters: (1) dimension parameter n: ranges from 6 to 34, (2) number of
polytopes m: ranges from 6 to 42.

2. For each instance, we generate polytopes using three different geometric shapes studied by
[17]: (a) Cubes: n-dimensional cubes with random bounds, then translated and rotated.
(b) Zonotypes: Minkowski sum of n different d-dimensional vectors generated randomly.
(¢c) Simplex: Shapes where all coordinates are nonnegative and sum to at most 1, defined
as{z eR": Y " x; <12, >0}

Environment. We conducted all our experiments on a high-performance computer cluster,
with each node consisting of Intel Xeon Gold 6148 CPUs. We allocated one CPU core and a
5GB memory limit to each solver instance pair. To adhere to the standard timeout used in
model counting competitions, we set the timeout for all experiments to 3600 seconds. We
use values of ¢ = 0.8 and § = 0.2, in line with prior work in the model counting community.

With the above setup, we conduct extensive experiments to understand the following:

RQ1. How does the runtime performance of ttc compare to the baselines?
RQ2. How does the performance of ttc scale with different benchmark parameters?
RQ3. How accurate is the count computed by ttc in comparison to the exact count?

Summary of Results. ttc achieves a significant performance improvement over baselines, by
finishing on 1112 instances in a benchmark set consisting of 1131, while polyvest could only
finish on 145 instances, and bf/acd finished on 250 instances. polyvest barely finishes on
instances with more than 25 polytopes or 20 dimensions, while ttc seamlessly handles 40
polytopes of 35 dimensions. The accuracy of the approximate count is also noteworthy, with
an average error of a count by ttc of only 0.059.

L All benchmarks and logfiles are available at https://doi.org/10.5281/zenodo.16782810


https://doi.org/10.5281/zenodo.16782810

240

241

242

243

244

245

246

247

248

249

250

251

252

253

254

255

256

257

258

259

260

261

262

263

264

A. Shaw, U. Sarkar, and K. S. Meel

Solver Solved  PAR-2

ttc 1112 255.48
bf /acd 250 5982.03
vinci 142 6097.63

polyvest 145 6199.73

Table 1 Performance comparison on 1131 instances.

3500
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Benchmarks Instances
(a) Cactus plot comparing runtimes. (b) Quality of approximation: observed error.

Figure 1 Performance and Accuracy

Performance of ttc

Instances Solved. In Table 1, we compare the number of benchmarks that can be solved
by baselines and ttc. First, it is evident that the polyvest only solved 145 out of the 1131
benchmarks in the test suite, bf/acd solved 250 instances. Conversely, ttc solved 1112
instances, a substantial improvement compared to polyvest. cdm solved none of the instances.

Solving Time Comparison. A performance evaluation of polyvest, bf/acd and ttc is depicted
in Figure la, which is a cactus plot comparing the solving time. The z-axis represents
the number of instances, while the y-axis shows the time taken. A point (¢,7) in the plot
represents that a solver solved j benchmarks out of the 1131 benchmarks in the test suite in
less than or equal to j seconds. The curves for polyvest, bf /acd and ttc indicate that for a
few instances, polyvest and bf/acd was able to give a quick answer, while in the long run,
ttc could solve many more instances given any fixed timeout. In Table 1 we also show the
PAR-2 score of the solvers, which is the mean runtime over all instances, assigning a cost of
2T to each instance timed out at T'. ttc shows significantly small PAR-2 score.

Performance of existing tools. We examined why other tools do not scale well:

1. polyvest and vinci use disjoint decomposition. In some instances this yields an excessive
number of convex polytope components. Because the algorithm must run the O(n?)
polytope volume computation on each component, the component count becomes a
bottleneck.

2. bf/acd requires running the polytope volume computation with extremely high precision.
For m = 20 and ¢ = 0.8, the maximum allowable ey is 0.00068. Computing volumes at
this precision is slow, limiting scalability for higher-dimensional instances.

3. cdm needs many XOR-based hash constraints to reach the required precision during
volume computation. For example, the smallest benchmark in our suite uses a 198-bit
representation.
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Figure 2 Time taken w.r.t. dimensions and # polytopes.

Scaling

In Figure 2a and 2c¢, we evaluate the scalability of ttc and polyvest with respect to both the
number of polytopes and dimensions. The plots are organized with the number of polytopes
increasing from left to right along the z-axis, while the number of dimensions increases
from top to bottom along the y-axis. Each pixel corresponds to a specific instance in our
benchmark dataset, with the color intensity representing the solver’s runtime performance.
As demonstrated in Figure 2a, polyvest exhibits significant performance degradation when
handling instances exceeding 12 polytopes or 12 dimensions. By contrast, Figure 2c reveals
that ttc efficiently processes configurations with up to 40 polytopes and 35 dimensions.

Quality of Approximation

In our experimental evaluation, we found the exact volume of 142 benchmarks from vinci,
enabling us to calculate the error made by ttc on these instances. We quantify the error made
by ttc by the parameter e = Lbsl, where b represents the count from vinci and s from ttc.
This measure is the observed error, analogous to the theoretical error guarantees provided by
ttc. Analysis of all 142 cases found the median e to be 0.059, geometric mean 0.038, and
maximum 0.39, contrasting sharply with a theoretical guarantee of 0.8. This signifies ttc
substantially outperforms its theoretical bounds. In Figure 1b we plot the observed error,

where z-axis, we have the benchmarks, and on the y-axis we have the observed errors.

4  Conclusion

This paper introduces ttc, a scalable approximate SMT volume computation tool that
demonstrates exceptional performance on practical benchmarks. Our approach harnesses
probabilistic techniques to deliver theoretical guarantees on computation results, and empirical
results significantly surpassing theoretical guarantees. Our work suggests several promising
research directions. First, many formulas contain equality constraints that result in zero
volume when computing in d dimensions. A natural extension would be to develop methods
for correctly computing (d— k)-dimensional volume in such cases. Second, while we prioritized
performance over strict theoretical guarantees in our implementation, experimental results
consistently demonstrate error rates well below theoretical bounds. This raises the intriguing
question, whether rigorous guarantees can be established for our current implementation
without sacrificing its performance advantages.
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