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—— Abstract
Tree ensembles such as random forests and boosted trees are classifiers that achieve state-of-the-art
performance especially on classification over tabular data. The high efficiency comes, however, at
the cost of interpretability. While individual decision trees are considered interpretable, combining
many trees obscures the ensemble’s reasoning, motivating methods for explaining their decisions.

We contribute to the field of formal explainable Al by proposing two new instantiations of a
deletion-based procedure for computing abductive explanations (also known as sufficient reasons or
PI explanations) for tree ensembles, one based on the implicit-hitting-set paradigm, and the other
on branch-and-bound search. Informally speaking, an abductive explanation is a minimal subset of
the features of the classification task that is sufficient for reaching the decision. We describe both
methods and their variants, and show experimentally that they significantly improve the scalability
of exact abductive explanation computation for tree ensembles.
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1 Introduction

Tree ensembles like random forests [6] and boosted trees [7] are central machine learning
(ML) models for tackling classification tasks in various application domains. Tree ensembles
work well especially on classification tasks over tabular data on which they have been shown
to achieve state-of-the-art performance [5]. A tree ensemble is a collection of decision trees
that classifies data points by aggregating the classifications made by individual decision trees
in various ways; a random forest with majority voting for example assigns a datapoint the
same class as the majority of the trees in the ensemble.

The well-recognized need for trustworthy AI, with trustworthiness typically equated
with the ability to explain the decisions made by models [20] has motivated research into
explainable AT (XAT) and ways of computing explanations for the decisions made by commonly
used ML models. The field XAI can further be divided into heuristic approaches like
SHAP [14] and Anchors [19], and formal XAT [16] that aims to ground the correctness of the
computed explanations in formal logic to avoid the ambiguities and inaccuracies of heuristic
explanations [8].

Our work contributes to the field of formal XAI by proposing two new approaches to
computing so-called abductive explanations [10] (also known as sufficient reasons [2] or prime
implicant explanations) for a general model of a tree ensemble that encompasses both random
forests and boosted trees. An abductive explanation for the decision M(x) made by a
classifier M on a datapoint x is a subset-minimal set of features in the classification problem
whose values in x are sufficient for M to make the same decision. While a single decision
tree can be considered an interpretable model [20] in the sense that the computation of an
? Teemu Koukkari apd Jeremias Ber.g;
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yes yes no yes no
cr: 0.92] [er: 0.26 | [e1: 0.32] [ep: 0.50 c1: 0.07 cp: 0.88
[cz: 0.08} [02: 0.74} [cz: 0.68} [02: 0.50}
Ls Ly Ls Lg L7 Lg

Figure 1 Example random forest used as a running example, consisting of three decision trees, the
features F = {1, 2,3}, and the classes I = {c1,c2}. The leaves are labelled L, ..., Ly for reference.

abductive explanation for a single tree can be done in linear time with respect to its size [15]
the same does not hold for tree ensembles [6]. The computation of abductive explanations
for random forests was shown to be DP-complete in [13]. Thus, the main challenge facing
current approaches to computing minimal abductive explanations is scaling the algorithmic
methods to ensemble sizes encountered in practical applications.

Prior to our work, the state-of-the-art tools for computing subset-minimal abductive
explanations for tree ensembles are XReason [9] for boosted trees and RFXpl [13] for random
forests, both of which are based on core-guided optimization of a MaxSAT problem [18].
Related work includes majoritary [1] and tree-specific [2] explanations, which are weak
abductive explanations computable in polynomial time by restricting attention to most (but
not all) trees in the ensemble, as well as inflated and cardinality-minimal explanations [12, 11],
which extend the notion of abductive explanations.

As our main contribution, we propose two new algorithms for computing minimal
abductive explanations of tree ensembles. Both make use of the straightforward deletion-
based minimization algorithm [2, 9, 11]) and differ in the instantiation of the check for
whether a given set of features constitutes a potentially non-minimal explanation, which is
the most challenging part of the approach. The first of our methods is inspired by the implicit
hitting set (IHS) paradigm for optimization [17], and the second is a branch and bound
(B&B) search with domain specific heuristics. We implement both approaches and report
on an empirical evaluation showing that our tool scales significantly better than previous
methods for computing subset-minimal abductive explanations.

2 Tree ensembles and their explanations

A classification problem is defined by a set of features F = {1,...,m} and a set of classes
K ={ec1,...,cx}. Each feature k € F takes values in a continuous interval I, C R, and these
intervals define an m-dimensional feature space [[\~, I; C R™. We represent an arbitrary
point in the feature space as a vector x = (x1,...,2,). A classifier T assigns each point x in
the feature space a class T (x) € K. In this work, all considered classifiers are tree ensembles.
We use the following general definition of a tree-ensemble, similar to the one used in [11].
A decision tree T is a binary tree in which each internal node n is associated with a splitting
value d; ,, for the feature i € F. FEach leaf [ of T' is associated with a score function score;
that assigns a non-negative real value to each class in K. The set path(7T,1) = {r,no,...,ng}
contains the root r and all internal nodes on the unique path from r to the leaf [. Each
datapoint x = (1, ...,z ) corresponds to a unique leaf Iy of T that is found by, starting
from the root, comparing the splitting value d; j of each internal node n with the value z; of
the corresponding feature in x, traversing left if z; < d; ; and right otherwise, until reaching
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a leaf. Overloading notation, we say that the score score(T’, ¢,x) of x for the class ¢ in T is
scorey, (c), i.e. the score that Iy assigns c.

A tree ensemble T = {T1,..., T} is a collection of decision trees. The set LEAVES-OF(T)
contains all of the leaf nodes in 7. For a datapoint x, the set £(7,x) contains from each tree
T € T the leaf of T that x corresponds to. The score score(T, ¢, x) of x for the class ¢ € K
in T is score(T, ¢,x) = Y ey score(T, ¢,X) = 3 e p (7 ) Score;(c), i.e. the sum of scores of x
for ¢ in each individual tree of 7T, or equivalently, the sum of scores assigned to ¢ by each leaf

in £(T,x). The class T (x) € K that T assigns x maximizes score(7T, ¢, x) over all classes c.

The model of a tree ensemble that we use captures a random forest with majority voting
by requiring each leaf score function to assign exactly one class a score of 1 and the others
0. Similarly, a boosted tree ensemble is obtained by associating each tree T' € T with some
class ¢ and requiring the leaf score functions of T" assign non-zero values only to c.

An abductive explanation [10] (or a sufficient reason [2]) for the prediction T (x) is a
minimal subset £ C F of the features that is sufficient for 7 to reach that prediction. More
precisely, E is an abductive explanation if: i) 7(x) = 7 (x’) for any datapoint x’ that agrees

with x on the features in F, and ii) condition i) does not hold for any proper subset E, C E.

A superset E;, D FE of an abductive explanation F is a weak abductive explanation.
Equivalently, E is a weak abductive explanation for 7 (x) iff no counterexample exists
for any class ¢ # T (x), where a counterexample on ¢ is a selection of exactly one leaf per
tree, reachable by some datapoint that agrees with x on E, whose summed score for ¢
exceeds the summed score for 7(x). Both algorithms we propose for checking weak abductive
explanations are based on searching for counterexamples.
We compute abductive explanations using the standard deletion-based scheme [11, 10, 9, 2],

which maintains a current weak explanation E and tries to shrink it one feature at a time.

Starting from the trivial weak explanation E = F, the procedure iterates over each feature
f € F and removes f from E whenever E\ {f} is still a weak explanation for 7 (x); otherwise
f is kept. Once all features have been considered, the resulting E is an abductive explanation
for 7(x). The non-trivial step is the weak-explanation check: given x, T, and a candidate
E C F, decide whether F is a weak explanation for 7(x). The new instantiations of this
check that we present in Section 3 are the main contribution of our work.

» Example 1. Consider the ensemble 7 shown in Figure 1 and a datapoint x = (4, 3,5).
The root of T; is associated with the splitting value d3; = 3. The score function scorey,
associated with L, assigns scorer, (¢c1) = 0.79 and scorer, (c2) = 0.21. The point x has
L(T,x) = {La,Ls,Lg} and the scores score(7T,c1,x) = 1.35 and score(T,ca,x) = 1.65,
so T(x) = co. The set E = {1,3} is an abductive explanation for 7 (x) = cg since any
datapoint x’ = (4, x%,5) corresponds to the leaves Lo and Lg. The sets £ = {L;1, L3, L7}
and £” = {Lg, L, Lo} are counterexamples for E/ = {1} and E” = {3} on ¢;.

2.1 A SAT-encoding for tree ensembles

We assume familiarity with propositional logic and SAT solving [4]. A formula F in conjunctive
normal form (CNF) is a conjunction of clauses, each a disjunction of literals (variables or
their negations), and is satisfiable if some 0-1 assignment to its variables satisfies all clauses.
Modern SAT-solvers support solving under a set A of assumptions (literals): invoked on F'
under A, the solver returns either a solution that sets every literal in A to 1, or a subset
As C A, unsatisfiable core, such that F' A /\leAs [ is unsatisfiable.

We use a simplification of the propositional encoding of tree ensembles from [11]. Given an
ensemble 7 with features F and classes IC, the encoding produces a satisfiable CNF-formula

23:3

CVIT 2016



23:4

127

128

129

130

131

132

133

134

135

136

137

138

139

140

141

142

143

144

145

146

147

148

149

150

151

152

153

154

155

156

157

158

159

160

161

162

Scalable Computation of Abductive Explanations for Tree Ensembles

F+ that represents the feature domains and the internal structure of the trees in 7. For
each feature ¢ € F, let {d; 1,d;z,...d;} be all split values on the feature i used in some
internal node of 7, sorted in ascending order, i.e. assume d; ; < d; j41 for all j. For each d; ;
the formula Fr contains an indicator variable (z; < d; ;) for a datapoint x having z; < d; ;.
For each leaf [ in T, F7 contains an indicator p; for a datapoint corresponding to I.

There are two types of constraints in F5-. For all features ¢ and distinct splitting values,
the formula contains the clause (—(z; < d; ;) V (x; < d; ;+1)) (equivalent to (x; < d; ;) —
(x; < d; j4+1)) to ensure consistent ordering of the splitting values. For each leaf [ in 7 Fr
contains clauses equivalent to

/\ <(E2 < d17n> A /\ —\<$i < dz,n> <~ Pr.
néepath(T,1) néepath(T,1)
x;<d} x;>d}
to ensure that p; = 1 if and only if [ is the leaf that can be found by traversing its tree from
the root following the feature values of the datapoint.

We mainly use Fr to check whether a fixed set £ of leaves corresponds to some datapoint,
i.e. whether £ C L(7T,x) for some point x. This is achieved by invoking a SAT solver on
Fr while assuming p; = 1 for all [ € £. If the solver reports SAT, the obtained assignment
of the (x; < d; ;) variables can be used to construct such x. If the solver reports UNSAT,
the obtained unsatisfiable core corresponds to a subset £, C £ such that no datapoint
corresponds to all of the leaves in L.

3 Checking candidate weak explanations

We detail the main contribution of our work, two new instantiations of the weak-explanation
check used by the deletion-based minimization algorithm. One is inspired by the implicit
hitting set (IHS) paradigm, and the other is based on branch and bound (B&B) search.

3.1 IHS for checking weak explanations

The THS-inspired approach checks whether F is a weak explanation by independently
searching, for each class ¢ # T(x), for a counterexample on c. For each such class, the
approach uses an integer program (IP) IS, over the leaf indicator variables p;. The constraints
> ierpr = 1 for each T' € T enforce that exactly one leaf per tree is selected, and the IP
maximizes the score difference ), (score;(c) — score;(7(x)))p;. A solution with a positive
objective value corresponds to a candidate counterexample on ¢; it is an actual counterexample
if its leaves are reachable by some datapoint that agrees with x on E.

Algorithm 1 details the IHS-inspired weak-explanation check. For each class ¢ # T (x), it
first builds the propositional representation Ff g (with each feature in F fixed according
to x by unit clauses) and the IP I on Line 3. Since the check considers one class at a
time, both encodings can be restricted to the trees that contain at least one leaf assigning a
positive score to ¢ or 7(x). The inner loop on Lines 6-11 then iteratively refines I5: the
optimizer proposes a candidate £ with positive objective; the oracle checks via SAT under
the assumptions {p; = 1|l € L} whether L is reachable. If so, L is a counterexample and E
is not a weak explanation (Line 10); otherwise, the returned unsatisfiable core L¢ is blocked
from future solutions on Line 11. The loop terminates for ¢ when the optimizer is infeasible
or all remaining solutions have non-positive objective. If no class yields a counterexample, £
is a weak explanation (Line 12).
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Algorithm 1 THS for checking weak explanations.

1: procedure THS-CHECK(x, E, T, K)

2 for ce K\ {T(x)} do

3 (Ff gy I5pt) < ENCODEENSEMBLE(X, E, T, ¢)
4 oracle <— INITORACLE(F} )

5: optimizer < INITOPTIMIZER(IS,)

6 while true do

7 (L, obj, feasible?) = optimizer.solve()

8 if not feasible? or obj < 0 then break
9 (is_sat?, L¢) = oracle.check(L)

10: if is_sat? then return false
11: optimizer.add(d ;.. p1 < [Lcl)
12: return true

» Example 2. Invoke Algorithm 1 on the ensemble 7 in Figure 1, the datapoint x = (4, 3, 5),
classes {c1,c2}, and a candidate explanation E = {2,3}. Consider the iteration of the outer
loop for the class ¢ = ¢;. Assume the optimizer returns £y = {Ls, L3, Lg} on the first
iteration of the inner loop. When invoked with the corresponding assumptions, the oracle can
return the core {L3}, since no datapoint that agrees with x on feature 3 corresponds to L3,
which adds p3 < 1 to the optimizer. Assume the optimizer next returns Lo = {L2, Lg, Lg }.
The oracle can return the core {Lg, Ls} since no datapoint corresponds to both Lg and Lg
due to conflicting conditions on feature 1. The constraint pg + pg < 2 is then added to the
optimizer. On the next iteration, the optimizer can propose L3 = {La, Lg, Ly}, for which
the oracle returns is_sat?=true, indicating that L3 is a counterexample for E.

The pure-optimizer variant. We also consider a variant of the IHS approach, referred to
as pure-optimizer, that eliminates the SAT oracle by encoding reachability directly into a
single IP I,,¢. Unlike Algorithm 1, I,y combines all classes ¢ # 7T (x) into one optimization
problem: in addition to the leaf-selection constraints ), ., p; = 1, it introduces for each
class ¢ a 0-1 indicator i, with the reified constraint i, = ), (score;(c) — score; (T (x)))p; > 0,
together with >° .7 () ic = 1, ensuring that any solution beats 7 (x) on some class. The
propositional structure of F'r g is also encoded as linear constraints, so that any solution is
reachable. The candidate E is then a weak explanation iff I,y is infeasible, decided by a
single IP solver call. The pure-optimizer variant thus differs from Algorithm 1 both in search
structure (one solver call vs. a refinement loop) and in encoding (all classes combined in one
IP vs. a separate IP per class).

3.2 Branch and bound for checking explanations

Our B&B-algorithm is based on the existence of a point x that reaches all of the leaves in £

being equivalent to all bounds implied by the leaves in £ being consistent with each other.

In addition, the algorithm keeps track of the score difference between classes ¢ and T (x).

Algorithm 2 details our B&B-based weak-explanation check. When checking a candidate
E for the prediction 7 (x) the procedure loops over every class ¢ # T (x) and invokes the DFS
function to either compute a counterexample for E on ¢ and return true, or determine that
one does not exist and return false. If a counterexample is found, E is determined to not be
a weak abductive explanation on Line 4. If the loop finishes without finding counterexamples
on any class, F is determined to be a weak abductive explanation on Line 5.
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Algorithm 2 Branch and bound for checking weak explanations.

1: procedure BNB-CHECK(x, E, T, K)

2 for ce K\ {T(x)} do

3 if DFS(1, INIT_BOUNDS(x, E), T, ¢, ) then
4: return false

5: return true
6
7
8
9

: function DFS(d, bounds, T ={T1...,Tn}, ¢, £)
for | in LEAVES-OF({74}) do
(feas?, new_b) < up_ BOUNDS(Ty, bounds, 1)

10: if not feas? then continue

11: Laq <+ LU{l}

12: cur_diff <= (32, (scorey (c) — scorey (T(x)))

13: b_diff + UB_ APPROX(T, ¢, new_b, T(x),d + 1)

14: if cur diff + b _diff < 0 then continue

15: if |£q| = m then return true

16: else if DFS(d + 1, new_b, T, ¢, £q) then return true
17: return false

The recursive DFS subprocedure attempts to construct a counterexample £ in a depth-
first manner over the trees in 7. Each recursive call expects the current depth d, the set £
of leaves selected so far, a map "bounds" that maintains the upper and lower bounds on each
feature implied by the leaves in £, the classifier 7 and the target class c¢. The set £ of leaves
is initialized to empty, and “bounds” to fix the value of each feature in F to its value in x
and leave the rest unbounded.

On depth d, the DFS procedure loops over each leaf [ of the d:th tree Ty € T and attempts
to extend £ with [. First, the UP_ BOUNDS checks whether the bounds implied by [ on the
features are consistent with the bounds implied by the other leaves in £ and by E. If an
inconsistency is detected, [ is skipped on Line 10. If [ is consistent with £, the call also
returns the updated bounds on all features stored in the new_ b variable and the extended
candidate counterexample Lg is formed on Line 11. The rest of the loop approximates
whether £4 can be extended to include a leaf from each tree in a way that results in the sum
of scores for ¢ exceeding the sum of scores for 7(x). The cur_dif variable (Line 12) contains
the already incurred difference in these scores, and the b_ diff variable (Line 13) an upper
bound on the difference that can be incurred from the remaining trees. If the sum of the two
is negative, L4 can not be extended into an actual counterexample, so the branch is cut on
Line 14. If L4 contains a leaf from each tree in 7T, it is a counterexample, so the recursion
terminates and returns true on Line 16. Otherwise, the procedure recurses to the next tree.

The UB__APPROX procedure approximates an upper bound on the difference in score
between ¢ and T (x) in the remaining leaves by selecting from each remaining tree a leaf that
is consistent with the bounds maintained in new b and maximizes the difference in score
between ¢ and 7 (x). Note that the selected leaves need not be consistent with each other,
which is why the result is an upper bound rather than the exact value.

» Example 3. Consider the ensemble shown in Figure 1, the datapoint x = (4, 3,5), the
target class ¢, and candidate explanation F = {2,3}. Invoke the DFS procedure to compute
a counterexample of F on ¢;. Initially, the bounds for features 2 and 3 are fixed to 3 and 5,
respectively. Assume that the leaf Lo is picked on depth 1.
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At depth 2, L3 and L4 are incompatible with the bounds fixed by F and x. The leaf
L is deemed feasible, and the upper bound of feature 1 is updated to 6. However, as
Lo = {Ls, L5} has cur_diff = —1.06 and b__diff = 0.76, the branch is pruned. The leaf Lg
is also deemed feasible, which updates the (branch-specific) lower bound on feature 1 to 6.
Since L9 = {La, Lg} has cur_diff = —0.7 and b__diff = 0.76, the search continues.

4 Experimental evaluation

4.1 Implementation details

We report on an empirical evaluation of three deletion-based algorithms, distinguished by
their implementation of weak-explanation check:

THS: uses IHS-CHECK (Algorithm 1).

B&B: uses BNB-CHECK (Algorithm 2).

Optimizer: uses the pure-optimizer variant of THS-CHECK.

All algorithms are implemented in C++17. IHS and Optimizer both use the Gurobi (v12.0.1)
IP solver as the optimizer. THS uses the CaDiCaL (v2.1.3) [3] SAT solver as the oracle.
We reuse the constraint encoding of paths with similar conditions. In its configuration,
THS terminates the inner loop of Algorithm 1 when the optimizer reports an incumbent
solution with a positive objective value, rather than running it to optimality. The B&B
implementation is optimized over the pseudocode of Algorithm 2. Only one copy of the
“bounds” array is used and updated between recursion levels. The counterexample is not
explicitly constructed, but instead only the bounds array is kept. The results of score
computations are passed between recursion depths for reuse, including the approximations
computed by UB_ APPROX which are only updated when needed.

As a central implementational detail, all our tools have a preprocessing step that prunes
subtrees of the ensemble that can be determined to be unreachable based on the features in
the candidate explanation and the datapoint to be explained. In practice this also means re-
encoding the constraint representations of the ensemble whenever the candidate explanation
changes, which requires e.g.. resetting the SAT and IP solvers.

4.2 Benchmarks and experimental setup

We consider two sets of benchmarks, the medium set and the large set. The medium set
is based on 34 datasets featured in [9] and [13]. The number of features in these datasets
ranges from 4 to 64, with an average of 24, and the number of classes ranges from 2 to 11,
with an average of 3.7. For each dataset, we train a random forest using scikit-learn with 50
trees of depths ranging from 3 to 6, and a boosted tree ensemble using XGBoost with 50
trees of depth 3 or 4. We randomly sample 100 data points from each ensemble, resulting in
a total of 6800 explanation tasks.

The large benchmark set is formed from the seven datasets in the medium set that
could be used to train (in the number of nodes) larger tree ensembles. In addition, the
Letter Recognition dataset from the UCI Machine Learning Repository is included to further
diversify the benchmarks. Feature counts range from 5 to 40, with an average of 19, and
class counts from 2 to 26, with an average of 6.3. For each of the eight datasets, we train two
boosted tree models: one with 50 estimators (trees that can assign positive scores) per class
and a maximum depth of 12, and another with 500 estimators per class and a maximum
depth of 5. We also train two random forest models with the same respective configurations.
For each model 25 datapoints are sampled randomly for 800 explanation tasks total.
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Figure 2 Scalability on the full medium (left) and large (right) benchmark sets. RFxpl was used
for random forests and xreason for boosted ensembles, and the results were combined.

All experiments were run on 2.50-GHz Intel Xeon Gold 6248 machines with 381 GB RAM
running RHEL, with 4 threads and a memory limit of 8 GB, using a per-instance timeout of
100 (300) seconds for the medium (large) set.

4.3 Results

Figure 2 details the scalability of our main approaches on the two benchmark sets. Overall,
B&B performs well, being the fastest on 99.9% of medium-set benchmarks and 94.5% of
large-set benchmarks. On the large set, Optimizer solved 784 out of 800 benchmarks,
compared to 772 for B&B and 603 for THS. In total, at least one method solved 787
benchmarks. Optimizer outperforms ITHS on 53.5% of medium-set benchmarks and 81.9%
of large-set benchmarks that were solved by at least one of the two.

Finally, we compare the tool we developed as part of this work with the existing state-of-
the-art (SOTA) open source tools for computing an abductive explanation for tree ensembles:
the xreason approach [9] for boosted trees (from https://github.com/alexeyignatiev/xreason/,
commit 8240f35), and the RFxpl approach [11] for random forests (from https://github.
com/izzayacine/RFxpl/, commit b07883d). To increase fairness in the comparison to the
Python-based RFxpl and xreason, we report their runtime after discounting the time required
for Python to form the CNF instance. We are unaware of any other purely C++ tools that
compute abductive explanations for tree ensembles.

As shown in Figure 2, all variants in our tool significantly outperform xreason and RFxpl.
B&:B finishes 3397 out of the 3400 explanation tasks of boosted trees in the medium dataset
in one second and all 3400 in one minute, compared to 2167 and 3272 finished by xreason,
respectively. Similarly, B&B finishes 3362 of the benchmarks for random forests in the
medium set in one second and all 3400 in one minute, compared to 1439 and 3295 finished
by REFXpl, respectively.

5 Conclusion

We propose two new methods for computing minimal abductive explanations for tree en-
sembles, based on the implicit hitting set paradigm and on branch-and-bound search, and
report on the results of an empirical evaluation. Our results indicate that the new approaches
significantly improve the scalability of computing minimal abductive explanations, with the
branch-and-bound method solving the large majority of benchmarks in under a second.


https://github.com/alexeyignatiev/xreason/
https://github.com/izzayacine/RFxpl/
https://github.com/izzayacine/RFxpl/
https://github.com/izzayacine/RFxpl/
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