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Abstract9

The Disjunctive constraint is a widely used scheduling constraint that requires that no two10

tasks overlap in time. Although propagation for the Disjunctive has been thoroughly studied in11

traditional constraint programming, comparatively fewer studies have considered it in the context of12

lazy clause generation. In this paper, we consider two propagators for the Disjunctive, detectable13

precedences and edge finding, and study their combination in a lazy clause generation solver. We14

study explanation generation for the timeline-based variant of detectable precedences and present a15

method for constructing explanations that are minimal with respect to the number of tasks. We show16

that such minimal explanations are not necessarily preferable to existing explanation construction17

methods in practice. Finally, we discuss explanations for the combined propagation of detectable18

precedences and edge finding.19

2012 ACM Subject Classification Theory of computation → Logic20

Keywords and phrases constraint programming, lazy clause generation, disjunctive constraint,21

scheduling, detectable precedences, edge finding, explanations22

1 Introduction23

Scheduling problems involve a set of tasks that need to be scheduled while requiring certain24

resources. Such problems are relevant in many different fields such as industrial scheduling25

or transportation. A common solving methodology for scheduling problems is constraint26

programming, due to its ability to quickly remove infeasible schedules from the solution27

space.28

The case where all tasks share a single resource, thus not being able to run concurrently,29

is usually modeled using the Disjunctive constraint. Multiple filtering methods have been30

specifically devised to prune the search space for this constraint, or adopted from other31

constraints, as is the case for Edge Finding [1], which was originally developed for the32

Cumulative constraint.33

Algorithms for most of the existing filtering methods were introduced by Petr Vilím in34

his PhD thesis [10]. Vilím also introduced the Detectable Precedences rule [8], which is35

the main rule studied in this paper. In his PhD thesis [10], Vilím introduced an O(n log n)36

algorithm for the Detectable Precedences rule. Fahimi et al. [3] later improved this to an37

O(n) algorithm. The latter authors also recommended to extend the algorithm by supporting38

explanations, which would allow the usage of lazy clause generation (LCG) solvers.39

Although the Disjunctive constraint has received significant attention in traditional40

constraint programming, its use in lazy clause generation has received much less attention.41

Explanation generation for Edge Finding has been studied in several works [5, 7], partly42

because Edge Finding is also commonly used for the Cumulative constraint. By contrast,43

explanation generation for Detectable Precedences has received comparatively less attention,44

with Vilím’s 2005 paper [9] providing one of the few existing treatments of this idea.45
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A related limitation is that explanation-generation methods for these filtering rules have46

mostly been studied separately. This contrasts with the filtering side, where Vilím reports47

obtaining the best results by combining several filtering rules [10]. However, the most efficient48

known implementations of Edge Finding and Detectable Precedences rely on different data49

structures, which makes such a combination non-trivial. As a result, existing explanations50

do not exploit the interaction between the two rules.51

This paper addresses these two issues. First, we study whether explanations for Detectable52

Precedences can be reduced in size. Second, we make a first step towards combining Detectable53

Precedences and Edge Finding for the Disjunctive constraint in an LCG solver. This second54

direction is work in progress: in this paper, we report preliminary results on the interaction55

between the two rules and discuss the challenges involved in generating explanations for the56

combined propagation.57

The paper is organized as follows. Section 2 discusses existing work and positions our58

work within existing literature. Section 3 reviews the Disjunctive constraint and two59

filtering methods: Detectable Precedences and Edge Finding. Section 4 contains the main60

contributions of this work. Section 5 presents the experimental results, and Section 661

concludes the paper and discusses future work.62

2 Related Work63

Several filtering rules have been developed for unary-resource scheduling. Edge Finding [1]64

reasons about tasks that must be placed before or after a set of other tasks, while Detectable65

Precedences [8] derives mandatory precedences from the current bounds of the tasks. Vilím66

proposed efficient algorithms for several such rules, including Edge Finding and Detectable67

Precedences, and gave an O(n log n) algorithm for the latter [10]. Fahimi et al. later improved68

Detectable Precedences to a linear-time timeline-based algorithm [3].69

Using these propagators in lazy clause generation requires explanations for each propaga-70

tion. Vilím [9] proposed conflict windows to explain unary-resource propagation, but these71

do not directly correspond to the clausal explanations used by modern LCG solvers. More72

recently, van Vliet adapted this idea to explain Detectable Precedences in an LCG setting,73

using the last cluster computed by the timeline data structure as the explanation set, i.e.,74

the last group of tasks in the timeline which are responsible for the propagation [6]. For a75

comprehensive description of the Last Cluster method, we refer the reader to Section 4.376

of [6].77

Our work builds on this explanation method. Rather than only generating a valid78

explanation for Detectable Precedences, we study whether the last cluster can be replaced79

by a smaller set that preserves the same propagation strength. We also study the interaction80

between Detectable Precedences and Edge Finding when both are used for the Disjunctive.81

3 Preliminaries82

3.1 The Disjunctive constraint83

The Disjunctive constraint is a scheduling constraint over a set of tasks I. Each task i ∈ I84

has a start-time variable Si and a fixed processing time pi. The constraint enforces that no85

two tasks overlap in time.86

For a task i, we denote by esti and lsti its earliest and latest possible start times,87

respectively. Similarly, ecti = esti +pi denotes its earliest completion time, and lcti = lsti +pi88
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denotes its latest completion time. We can extend these definitions for sets of tasks Ω ⊆ I:89

pΩ =
∑
i∈Ω

pi estΩ = min
i∈Ω

esti lctΩ = max
i∈Ω

lcti90

Similarly, lower bounds on the earliest completion time (ect) and latest starting time (lst) of91

a set can be obtained by scheduling tasks with preemption:92

ectΩ = max
Ω′⊆Ω

(estΩ′ + pΩ′) lstΩ = min
Ω′⊆Ω

(lctΩ′ − pΩ′)93

Intuitively, ectΩ is the earliest time by which all tasks in Ω can be completed, given their94

current earliest start times.95

3.2 Filtering rules96

Filtering rules strengthen the domains of the start-time variables by removing infeasible97

solutions. In this work, we focus on two filtering rules for the Disjunctive constraint: Edge98

Finding [1] and Detectable Precedences [8]. Both rules reason about sets of tasks that must99

be scheduled before another task, and derive stronger lower bounds on start times.100

3.2.1 Edge Finding101

Edge Finding detects whether a task must be scheduled after a set of other tasks. Given a102

task i and a set of tasks Ω ⊆ I \ {i}, if the tasks in Ω ∪ {i} cannot all complete before the103

latest completion time of Ω, then i cannot be scheduled before all tasks in Ω. This can be104

expressed as:105

ectΩ∪{i} > lctΩ ⇒ Ω≪ i.106

Once this ordering is detected, the lower bound of Si can be updated to esti ≥ ectΩ. Thus,107

Edge Finding identifies tasks that are forced to be placed after a given set of tasks. There exist108

multiple approaches implementing this rule, but for the Disjunctive constraint specifically,109

we are discussing Vilím’s proposed algorithm that runs in O(n log n) time and is based on110

the Θ-Λ tree [10].111

3.2.2 Detectable Precedences112

Detectable Precedences also derives implied precedences between tasks. For two distinct113

tasks i and j, the precedence j ≪ i is detectable when task i cannot be scheduled before task114

j, i.e. ecti > lstj .115

For a task i, let Ω = { j ∈ I | ecti > lstj ∧ j ̸= i } denote the set of all detectable116

predecessors of i. Since all tasks in Ω must precede i, the earliest start time of i can be117

delayed up to the earliest completion time of this set:118

esti := max{esti, ectΩ}.119

In this paper, we use the timeline-based algorithm for Detectable Precedences by Fahimi120

et al. [3]. This algorithm computes the relevant set Ω using a timeline data structure and121

runs in linear time. The timeline is an improvement on the previous fastest data structure122

used for Detectable Precedences, namely the Θ-Λ tree as introduced by Vilím [10].123
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Figure 1 Tasks with intervals A = [0, 7], B = [4, 8], and C = [7, 11].

3.3 Explanations124

In lazy clause generation [4], every propagation must be justified by an explanation. An125

explanation is a set of predicates over the current domains that is sufficient to imply the126

propagated bound. For example, if a propagator derives Si ≥ b, then it must also provide a127

reason showing under which current bounds this propagation is valid. These explanations128

are then used during conflict analysis to derive learned nogoods.129

The generality of explanations is one of the most important factors behind the efficiency of130

lazy clause generation. More general explanations can lead to more general learned nogoods,131

which are more likely to be reused later in the search. Since larger explanations depend132

on more predicates, they may produce learned nogoods that are too specific to the current133

conflict to be reused later. For this reason, reducing the size of explanations is a natural134

objective in lazy clause generation.135

4 Methodology136

In this section, we introduce a method to minimize the explanations produced by the timeline-137

based algorithm for the detectable precedences rule, in terms of the number of tasks in the138

explanation.139

4.1 Minimum-Cardinality Suffix Explanations140

The explanation for Detectable Precedences introduced in [6] contains the last cluster of141

tasks in the timeline data structure. However, this set of tasks is not guaranteed to be of a142

minimum cardinality among the sets that can justify the same propagation. In the context143

of lazy clause generation, removing unnecessary tasks from explanations can produce shorter144

explanations and potentially more general learned nogoods.145

Figure 1 shows a simple example with three tasks. In this example, based on the146

Detectable Precedences rule, task C needs to be scheduled after both A and B. Hence, the147

lower bound of its start time can be propagated to ect{A,B} = 8 (marked by the red bracket).148

The standard explanation would contain the set Ω = {A, B}, which is the last (and only)149

cluster produced by the algorithm. However, task B alone already has earliest completion150

time ectB = estB +pB = 8. Therefore, in this case, the suffix {B} gives a shorter explanation151

than the full last cluster {A, B}.152
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In general, let Ω be the last cluster produced by the algorithm based on the timeline data153

structure when scheduling a task i. We are searching for the minimum-cardinality subset154

S ⊆ Ω such that ectS = ectΩ. If this condition is satisfied, then S can also be used as the155

explanation set to explain the propagation esti ≥ ectΩ. However, there are exponentially156

many subsets to consider for a given Ω.157

We fix an arbitrary tie-breaking order for tasks with equal earliest start time. All suffixes158

below are defined with respect to this fixed ordering.159

▶ Lemma 1. Let Ω be the last cluster of tasks, and let X = ⟨j1, . . . , jm⟩ be the tasks of Ω160

sorted by nondecreasing earliest start time (est). It is sufficient to consider suffixes of X (X161

included) to find a minimum-cardinality subset preserving ectΩ.162

Proof. Let S ⊆ Ω be a minimum-cardinality subset such that ectS = ectΩ. Since S is163

minimum-cardinality, no proper subset of S can have earliest completion time equal to ectΩ.164

Therefore, the maximum defining ectS is attained by S itself, i.e., ectS = estS + pS .165

Let jk be the first task in X that belongs to S. Then jk has minimum est among tasks166

in S, and every task in S appears at position at least k in X. Therefore, S ⊆ Xk, where167

Xk = {jk, . . . , jm} is the suffix starting at jk.168

Suppose that S ̸= Xk. Then there exists a task jℓ ∈ Xk \ S. Since estjℓ
≥ estjk

, adding169

jℓ to S does not decrease the minimum start time of the set, while it increases the total170

processing time. Hence, ectS∪{jℓ} > ectS = ectΩ.171

Since S ∪ {jℓ} ⊆ Ω, this contradicts the definition of ectΩ as the maximum value of172

estΩ′ + pΩ′ over all subsets Ω′ ⊆ Ω. Thus S = Xk, and therefore S is a suffix of X. ◀173

Using Lemma 1, after obtaining the last cluster Ω, we sort its tasks by nondecreasing174

earliest start time and select a minimum-cardinality suffix S ⊆ Ω such that ectS = ectΩ.175

Using the same lifting as in [6], we can generate the following explanation for the propagation176

esti ≥ ectS :177

Si ≥ lstS − pi + 1
∧
j∈S

(Sj ≥ estS ∧ Sj ≤ lstS) . (1)178

Since S ⊆ Ω, the resulting explanation contains at most as many task bounds as the179

original explanation.180

Given a task i, the timeline data structure I, and the root bounds of the list of tasks,181

Algorithm 1 shows how the minimal set of tasks that can explain the same propagation can182

be obtained. Lines 3–8 build buckets of tasks with the same earliest start time using the183

indices already stored in the timeline data structure. Lines 9–21 then scan these buckets184

in reverse order (thus iterating through ests in decreasing order) and select the first suffix185

whose earliest completion time is equal to ectΩ. Since the scan starts from the largest earliest186

start time, the first such suffix is the minimum-cardinality suffix preserving ectΩ.187

This implementation avoids explicitly sorting the tasks in Ω. Instead, the timeline data188

structure already provides the ordering information through the t and m parameters. Building189

the buckets takes time linear in |Ω|, and the reverse scan over the buckets is linear in the size190

of the timeline data structure. Therefore, selecting the minimum-cardinality suffix does not191

add a logarithmic sorting factor. The explanation generation remains linear in the number of192

tasks considered, matching the asymptotic complexity of the original explanation method.193

5 Experiments194

This section describes the experiments conducted. First, we compared the Last Cluster [6]195

method against our Minimum-Cardinality Suffix method. We observe that the explanations196
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Algorithm 1 GenerateMinimumCardinalitySuffix(i, I, root)

1: Ω← timeline.GetOmega()
2: ectΩ ← timeline.EarliestCompletionTime()
3: buckets← empty buckets for each index in I.t

4: for j ∈ Ω do
5: b← I.m[j]
6: buckets[b].tasks← buckets[b].tasks ∪ {j}
7: buckets[b].duration← buckets[b].duration + pj

8: end for
9: suffix_duration← 0

10: S ← Ω
11: for b← |buckets| down to 1 do
12: if buckets[b].tasks = ∅ then continue
13: end if
14: suffix_duration← suffix_duration + buckets[b].duration

15: estsuffix ← I.t[b]
16: ectsuffix ← estsuffix + suffix_duration

17: if ectsuffix = ectΩ then
18: S ←

⋃
b′≥b buckets[b′].tasks

19: break
20: end if
21: end for
22: return S

produced by our method, despite being smaller in terms of the number of tasks, are not197

necessarily more general, hence they do not necessarily improve the number of conflicts or198

solving time. Second, we study the effect of combining Detectable Precedences with Edge199

Finding, and find that running Edge Finding first, followed by Detectable Precedences is200

more efficient in terms of most metrics than running them in the opposite order.201

We implemented all algorithms in the Pumpkin solver [2]. The experiments were conducted202

on 34 job-shop scheduling instances selected from the MiniZinc benchmark repository.1 All203

experiments were run on a machine with an 11th Gen Intel(R) Core(TM) i5-11400H 2.70GHz204

processor. We used a fixed search strategy with a timeout of 5 minutes for all instances. All205

instances were solved by all configurations without reaching the designated timeout.206

We evaluate the effect of the alternative explanation strategy indirectly through solver-207

level metrics: solving time, number of conflicts, average learned nogood length, and average208

Literal Block Distance (LBD). These metrics do not measure the size of the generated209

propagation explanations directly; they capture whether the alternative explanations lead to210

smaller or more useful learned nogoods and improved search behaviour.211

5.1 Comparison of Explanation Methods for Detectable Precedences212

Table 1 shows the average metric values over all instances under both explanation methods.213

We observe that, interestingly, despite the fact that Minimum-Cardinality Suffix constructs214

smaller explanations by design, this does not translate to a better solving performance.215

1 https://github.com/MiniZinc/minizinc-benchmarks/tree/master/jobshop
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Table 1 Average metrics for Last Cluster and Minimum-Cardinality Suffix explanations.

Metric Last Cluster Minimum-Cardinality Suffix

Time (s) 8.85 12.09
LBD 9.98 9.79
Conflicts 6219.32 6971.71
Nogood length 23.09 23.91

Last Cluster is on average ≈ 26.8% faster than Minimum-Cardinality Suffix, and produces216

approximately 10.8% fewer conflicts. The average length of learned nogoods is close to equal,217

with a very small advantage to Last Cluster.218

The only observed advantage of Minimum-Cardinality Suffix is in terms of the LBD, which219

is a modest 1.8% smaller than its counterpart. This suggests that the smaller explanations220

may sometimes lead to learned nogoods that are slightly better according to this metric.221

However, this improvement is not reflected in the overall solving time or number of conflicts.222

Figure 2 provides a more detailed instance-wise comparison, showing that neither method223

has a consistent advantage across all instances in terms of solving time or LBD.224

Figure 2 Per-instance comparison between the Last Cluster and Minimum-Cardinality Suffix
explanation methods. Each point represents one instance. Points below the diagonal indicate
instances where the Minimum-Cardinality Suffix method obtains a lower value, while points above
the diagonal indicate instances where Last Cluster obtains a lower value.

5.2 Edge Finding and Detectable Precedences Combination225

This behaviour might be partly explained by the fact that fewer tasks do not necessarily226

produce a more general explanation. For example, consider the set of tasks in Figure 1.227

Detectable Precedences is able to propagate estC ≥ 8. The explanation for this propagation228

produced by the Last Cluster method is estA ≥ 0∧estA ≤ 4∧estB ≥ 0∧estB ≤ 4∧estC ≥ 2.229

On the other hand, the explanation produced by the Minimum-Cardinality Suffix method230

is estB ≥ 4 ∧ estB ≤ 4 ∧ estC ≥ 2. Despite requiring one less task, the second explanation231

is not more general than the first due to the bounds of task B being stronger. To be more232
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Table 2 Average metrics for the two propagation orders.

Metric DP → EF EF → DP

Time (s) 16.37 10.20
LBD 9.31 9.69
Conflicts 5133.42 4628.23
Nogood length 24.18 25.46

specific, the two explanations do not subsume each other: Last Cluster contains an additional233

task, while Minimum-Cardinality relies on a tighter bound. This is due to the interaction234

with the lifting procedure described in [6]. This helps explain why the smaller explanations235

constructed by Minimum-Cardinality Suffix do not lead to a clear improvement in the results.236

A natural next step is to study whether Edge Finding and Detectable Precedences237

can be combined into a single propagator for the Disjunctive constraint. However, such a238

combination is not straightforward, because the two most efficient implementations rely on239

different data structures: Edge Finding is typically implemented using a Θ-Λ tree, whereas240

the linear-time Detectable Precedences algorithm uses a timeline data structure. In this241

paper, we study a simpler form of combination in which both propagators are posted for the242

same constraint and are executed in different orders.243

We consider two configurations: Edge Finding followed by Detectable Precedences, and244

Detectable Precedences followed by Edge Finding. This allows us to evaluate whether the245

order in which the two propagators are applied has an effect on the resulting search behaviour.246

Table 2 compares the two propagation orders. Running Edge Finding before Detectable247

Precedences gives better average solving performance: it is approximately 37.7% faster and248

produces approximately 9.8% fewer conflicts. However, Detectable Precedences followed249

by Edge Finding obtains slightly better learned nogood metrics, with approximately 3.9%250

lower average LBD and 5.0% shorter learned nogoods. This suggests that applying Edge251

Finding first is more effective for search overall, even though the nogoods learned in the252

opposite order appear slightly better according to these aggregate metrics. A possible reason253

is that the pruning performed by Edge Finding exposes tighter bounds before Detectable254

Precedences is executed.255

6 Conclusion256

We studied explanation generation for the timeline-based Detectable Precedences algorithm257

in the Disjunctive constraint. We introduced Minimum-Cardinality Suffix, a method that258

replaces the last cluster used in existing explanations by the smallest suffix preserving the259

same earliest completion time. Although this produces explanations with fewer tasks by260

construction, the experimental results show that this does not necessarily improve solver261

performance. This is partly because fewer tasks do not yield more general explanations once262

lifting is also performed. A direct analysis of the sizes of the generated explanations would263

provide a more detailed evaluation, but we leave this for future work.264

We also performed a preliminary study on the interaction between Detectable Precedences265

and Edge Finding by running propagators for both rules in both possible orders. The results266

suggest that applying Edge Finding first is generally more effective. Future work can include267

adapting the implementations of the rules so they can share more information, or developing a268

fully integrated propagator for the two rules, with explanations that exploit this interaction.269
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