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—— Abstract

The DISJUNCTIVE constraint is a widely used scheduling constraint that requires that no two

tasks overlap in time. Although propagation for the DISJUNCTIVE has been thoroughly studied in
traditional constraint programming, comparatively fewer studies have considered it in the context of
lazy clause generation. In this paper, we consider two propagators for the DISJUNCTIVE, detectable
precedences and edge finding, and study their combination in a lazy clause generation solver. We
study explanation generation for the timeline-based variant of detectable precedences and present a
method for constructing explanations that are minimal with respect to the number of tasks. We show
that such minimal explanations are not necessarily preferable to existing explanation construction
methods in practice. Finally, we discuss explanations for the combined propagation of detectable
precedences and edge finding.
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Keywords and phrases constraint programming, lazy clause generation, disjunctive constraint,

scheduling, detectable precedences, edge finding, explanations

1 Introduction

Scheduling problems involve a set of tasks that need to be scheduled while requiring certain
resources. Such problems are relevant in many different fields such as industrial scheduling
or transportation. A common solving methodology for scheduling problems is constraint
programming, due to its ability to quickly remove infeasible schedules from the solution
space.

The case where all tasks share a single resource, thus not being able to run concurrently,
is usually modeled using the DISJUNCTIVE constraint. Multiple filtering methods have been
specifically devised to prune the search space for this constraint, or adopted from other
constraints, as is the case for Edge Finding [1], which was originally developed for the
CUMULATIVE constraint.

Algorithms for most of the existing filtering methods were introduced by Petr Vilim in
his PhD thesis [10]. Vilim also introduced the Detectable Precedences rule [8], which is
the main rule studied in this paper. In his PhD thesis [10], Vilim introduced an O(nlogn)
algorithm for the Detectable Precedences rule. Fahimi et al. [3] later improved this to an
O(n) algorithm. The latter authors also recommended to extend the algorithm by supporting
explanations, which would allow the usage of lazy clause generation (LCG) solvers.

Although the DISJUNCTIVE constraint has received significant attention in traditional
constraint programming, its use in lazy clause generation has received much less attention.
Explanation generation for Edge Finding has been studied in several works [5, 7], partly
because Edge Finding is also commonly used for the CUMULATIVE constraint. By contrast,
explanation generation for Detectable Precedences has received comparatively less attention,
with Vilim’s 2005 paper [9] providing one of the few existing treatments of this idea.
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A related limitation is that explanation-generation methods for these filtering rules have
mostly been studied separately. This contrasts with the filtering side, where Vilim reports
obtaining the best results by combining several filtering rules [10]. However, the most efficient
known implementations of Edge Finding and Detectable Precedences rely on different data
structures, which makes such a combination non-trivial. As a result, existing explanations
do not exploit the interaction between the two rules.

This paper addresses these two issues. First, we study whether explanations for Detectable
Precedences can be reduced in size. Second, we make a first step towards combining Detectable
Precedences and Edge Finding for the DISJUNCTIVE constraint in an LCG solver. This second
direction is work in progress: in this paper, we report preliminary results on the interaction
between the two rules and discuss the challenges involved in generating explanations for the
combined propagation.

The paper is organized as follows. Section 2 discusses existing work and positions our
work within existing literature. Section 3 reviews the DISJUNCTIVE constraint and two
filtering methods: Detectable Precedences and Edge Finding. Section 4 contains the main
contributions of this work. Section 5 presents the experimental results, and Section 6
concludes the paper and discusses future work.

2 Related Work

Several filtering rules have been developed for unary-resource scheduling. Edge Finding [1]
reasons about tasks that must be placed before or after a set of other tasks, while Detectable
Precedences [8] derives mandatory precedences from the current bounds of the tasks. Vilim
proposed efficient algorithms for several such rules, including Edge Finding and Detectable
Precedences, and gave an O(nlogn) algorithm for the latter [10]. Fahimi et al. later improved
Detectable Precedences to a linear-time timeline-based algorithm [3].

Using these propagators in lazy clause generation requires explanations for each propaga-
tion. Vilim [9] proposed conflict windows to explain unary-resource propagation, but these
do not directly correspond to the clausal explanations used by modern LCG solvers. More
recently, van Vliet adapted this idea to explain Detectable Precedences in an LCG setting,
using the last cluster computed by the timeline data structure as the explanation set, i.e.,
the last group of tasks in the timeline which are responsible for the propagation [6]. For a
comprehensive description of the Last Cluster method, we refer the reader to Section 4.3
of [6].

Our work builds on this explanation method. Rather than only generating a valid
explanation for Detectable Precedences, we study whether the last cluster can be replaced
by a smaller set that preserves the same propagation strength. We also study the interaction
between Detectable Precedences and Edge Finding when both are used for the DISJUNCTIVE.

3 Preliminaries

3.1 The Disjunctive constraint

The DISJUNCTIVE constraint is a scheduling constraint over a set of tasks Z. Fach task i € 7
has a start-time variable S; and a fixed processing time p;. The constraint enforces that no
two tasks overlap in time.

For a task ¢, we denote by est; and [st; its earliest and latest possible start times,
respectively. Similarly, ect; = est; +p; denotes its earliest completion time, and lct; = Ist; +p;
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denotes its latest completion time. We can extend these definitions for sets of tasks Q2 C Z:

pa = E Di estn = min est; lctq = maxlct;
e i€Q i€Q
?

Similarly, lower bounds on the earliest completion time (ect) and latest starting time (Ist) of
a set can be obtained by scheduling tasks with preemption:

to = tey , Istq = min (Ictq — par
ect g}gg(eé’n + par) stq 59&5(09 290,

Intuitively, ectq is the earliest time by which all tasks in €2 can be completed, given their
current earliest start times.

3.2 Filtering rules

Filtering rules strengthen the domains of the start-time variables by removing infeasible
solutions. In this work, we focus on two filtering rules for the DISJUNCTIVE constraint: Edge
Finding [1] and Detectable Precedences [8]. Both rules reason about sets of tasks that must
be scheduled before another task, and derive stronger lower bounds on start times.

3.2.1 Edge Finding

Edge Finding detects whether a task must be scheduled after a set of other tasks. Given a
task ¢ and a set of tasks Q C T\ {i}, if the tasks in Q U {i} cannot all complete before the
latest completion time of €2, then ¢ cannot be scheduled before all tasks in 2. This can be
expressed as:

ectou{iy > letqg = QK.

Once this ordering is detected, the lower bound of S; can be updated to est; > ectq. Thus,
Edge Finding identifies tasks that are forced to be placed after a given set of tasks. There exist
multiple approaches implementing this rule, but for the DISJUNCTIVE constraint specifically,
we are discussing Vilim’s proposed algorithm that runs in O(nlogn) time and is based on
the ©-A tree [10].

3.2.2 Detectable Precedences

Detectable Precedences also derives implied precedences between tasks. For two distinct
tasks ¢ and 7, the precedence j < i is detectable when task 7 cannot be scheduled before task
Jj, i.e. ect; > lst;.

For a task ¢, let Q = {j € Z | ect; > Ist; N j # i} denote the set of all detectable
predecessors of 7. Since all tasks in 2 must precede i, the earliest start time of i can be
delayed up to the earliest completion time of this set:

est; == max{est;, ectq}.

In this paper, we use the timeline-based algorithm for Detectable Precedences by Fahimi
et al. [3]. This algorithm computes the relevant set 2 using a timeline data structure and
runs in linear time. The timeline is an improvement on the previous fastest data structure
used for Detectable Precedences, namely the ©-A tree as introduced by Vilim [10].
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Figure 1 Tasks with intervals A =[0,7], B =[4,8], and C = [7,11].

3.3 Explanations

In lazy clause generation [4], every propagation must be justified by an explanation. An
explanation is a set of predicates over the current domains that is sufficient to imply the
propagated bound. For example, if a propagator derives S; > b, then it must also provide a
reason showing under which current bounds this propagation is valid. These explanations
are then used during conflict analysis to derive learned nogoods.

The generality of explanations is one of the most important factors behind the efficiency of
lazy clause generation. More general explanations can lead to more general learned nogoods,
which are more likely to be reused later in the search. Since larger explanations depend
on more predicates, they may produce learned nogoods that are too specific to the current
conflict to be reused later. For this reason, reducing the size of explanations is a natural
objective in lazy clause generation.

4 Methodology

In this section, we introduce a method to minimize the explanations produced by the timeline-
based algorithm for the detectable precedences rule, in terms of the number of tasks in the
explanation.

4.1 Minimum-Cardinality Suffix Explanations

The explanation for Detectable Precedences introduced in [6] contains the last cluster of
tasks in the timeline data structure. However, this set of tasks is not guaranteed to be of a
minimum cardinality among the sets that can justify the same propagation. In the context
of lazy clause generation, removing unnecessary tasks from explanations can produce shorter
explanations and potentially more general learned nogoods.

Figure 1 shows a simple example with three tasks. In this example, based on the
Detectable Precedences rule, task C needs to be scheduled after both A and B. Hence, the
lower bound of its start time can be propagated to ecty4 py = 8 (marked by the red bracket).
The standard explanation would contain the set Q@ = {A, B}, which is the last (and only)
cluster produced by the algorithm. However, task B alone already has earliest completion
time ectp = estp+pp = 8. Therefore, in this case, the suffix { B} gives a shorter explanation
than the full last cluster {A, B}.



153

154

155

156

157

158

159

160

161

162

163

164

165

166

167

168

169

170

171

172

173

174

175

176

177

178

179

180

181

182

183

184

185

186

187

188

189

190

191

192

193

194

195

196

A. lonita, I. Marijnissen, and E. Demirovi¢

In general, let 2 be the last cluster produced by the algorithm based on the timeline data
structure when scheduling a task i. We are searching for the minimum-cardinality subset
S C Q such that ectg = ectq. If this condition is satisfied, then S can also be used as the
explanation set to explain the propagation est; > ectn. However, there are exponentially
many subsets to consider for a given 2.

We fix an arbitrary tie-breaking order for tasks with equal earliest start time. All suffixes
below are defined with respect to this fixed ordering.

» Lemma 1. Let Q be the last cluster of tasks, and let X = (j1,...,jm) be the tasks of Q
sorted by nondecreasing earliest start time (est). It is sufficient to consider suffizes of X (X
included) to find a minimum-cardinality subset preserving ectq.

Proof. Let S C Q be a minimum-cardinality subset such that ects = ectq. Since S is
minimum-cardinality, no proper subset of S can have earliest completion time equal to ectq.
Therefore, the maximum defining ectg is attained by S itself, i.e., ects = estg + ps-

Let ji be the first task in X that belongs to S. Then j; has minimum est among tasks
in S, and every task in S appears at position at least k in X. Therefore, S C Xj, where
X ={Jk,...,Jm} is the suffix starting at jp.

Suppose that S # Xj. Then there exists a task j, € X \ S. Since est;, > est;, , adding
je to S does not decrease the minimum start time of the set, while it increases the total
processing time. Hence, ectsyyj,} > ects = ectq.

Since S U {j¢} C Q, this contradicts the definition of ectq as the maximum value of
estq + pos over all subsets ' C Q. Thus S = X}, and therefore S is a suffix of X. <

Using Lemma 1, after obtaining the last cluster §2, we sort its tasks by nondecreasing
earliest start time and select a minimum-cardinality suffix S C  such that ectg = ectq.
Using the same lifting as in [6], we can generate the following explanation for the propagation
est; > ectg:

S; > lsts —pi+1 |\ (S; > ests A Sj <lstg). (1)

jes

Since S C (), the resulting explanation contains at most as many task bounds as the
original explanation.

Given a task i, the timeline data structure Z, and the root bounds of the list of tasks,
Algorithm 1 shows how the minimal set of tasks that can explain the same propagation can
be obtained. Lines 3-8 build buckets of tasks with the same earliest start time using the
indices already stored in the timeline data structure. Lines 9-21 then scan these buckets
in reverse order (thus iterating through ests in decreasing order) and select the first suffix
whose earliest completion time is equal to ectq. Since the scan starts from the largest earliest
start time, the first such suffix is the minimum-cardinality suffix preserving ectq.

This implementation avoids explicitly sorting the tasks in ). Instead, the timeline data
structure already provides the ordering information through the ¢ and m parameters. Building
the buckets takes time linear in ||, and the reverse scan over the buckets is linear in the size
of the timeline data structure. Therefore, selecting the minimum-cardinality suffix does not
add a logarithmic sorting factor. The explanation generation remains linear in the number of
tasks considered, matching the asymptotic complexity of the original explanation method.

5 Experiments

This section describes the experiments conducted. First, we compared the Last Cluster [6]
method against our Minimum-Cardinality Suffix method. We observe that the explanations
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Algorithm 1 GenerateMinimumCardinalitySuffix (i, Z, root)

: Q « timeline. GETOMEGA()
ectq < timeline. EARLIESTCOMPLETIONTIME()
buckets + empty buckets for each index in Z.¢
for j € 0 do
b+ Z.m[j]
buckets[b].tasks < buckets[b].tasks U {j}
buckets[b].duration < buckets[b].duration + p;
end for
suf fix__duration < 0
S+ Q
: for b + |buckets| down to 1 do
if buckets[b].tasks = () then continue
end if
suf fix__duration < suf fix_ duration + buckets[b].duration
estsuffm «— It[b]
eClsuf fiz < €Stsuf iz + suf fix_duration
if ectousfic = ectq then
S < Uy >y buckets[V'].tasks
break
end if
21: end for
22: return S

I N T el e e

produced by our method, despite being smaller in terms of the number of tasks, are not
necessarily more general, hence they do not necessarily improve the number of conflicts or
solving time. Second, we study the effect of combining Detectable Precedences with Edge
Finding, and find that running Edge Finding first, followed by Detectable Precedences is
more efficient in terms of most metrics than running them in the opposite order.

We implemented all algorithms in the Pumpkin solver [2]. The experiments were conducted
on 34 job-shop scheduling instances selected from the MiniZinc benchmark repository.! All
experiments were run on a machine with an 11th Gen Intel(R) Core(TM) i5-11400H 2.70GHz
processor. We used a fixed search strategy with a timeout of 5 minutes for all instances. All
instances were solved by all configurations without reaching the designated timeout.

We evaluate the effect of the alternative explanation strategy indirectly through solver-
level metrics: solving time, number of conflicts, average learned nogood length, and average
Literal Block Distance (LBD). These metrics do not measure the size of the generated
propagation explanations directly; they capture whether the alternative explanations lead to
smaller or more useful learned nogoods and improved search behaviour.

5.1 Comparison of Explanation Methods for Detectable Precedences

Table 1 shows the average metric values over all instances under both explanation methods.
We observe that, interestingly, despite the fact that Minimum-Cardinality Suffix constructs
smaller explanations by design, this does not translate to a better solving performance.

! https://github.com/MiniZinc/minizinc-benchmarks/tree/master/jobshop
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Table 1 Average metrics for Last Cluster and Minimum-Cardinality Suffix explanations.

Metric Last Cluster =~ Minimum-Cardinality Suffix
Time (s) 8.85 12.09
LBD 9.98 9.79
Conlflicts 6219.32 6971.71
Nogood length 23.09 23.91

Last Cluster is on average ~ 26.8% faster than Minimum-Cardinality Suffix, and produces
approximately 10.8% fewer conflicts. The average length of learned nogoods is close to equal,
with a very small advantage to Last Cluster.

The only observed advantage of Minimum-Cardinality Suffix is in terms of the LBD, which
is a modest 1.8% smaller than its counterpart. This suggests that the smaller explanations
may sometimes lead to learned nogoods that are slightly better according to this metric.
However, this improvement is not reflected in the overall solving time or number of conflicts.
Figure 2 provides a more detailed instance-wise comparison, showing that neither method
has a consistent advantage across all instances in terms of solving time or LBD.

()
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Figure 2 Per-instance comparison between the Last Cluster and Minimum-Cardinality Suffix
explanation methods. Each point represents one instance. Points below the diagonal indicate
instances where the Minimum-Cardinality Suffix method obtains a lower value, while points above
the diagonal indicate instances where Last Cluster obtains a lower value.

5.2 Edge Finding and Detectable Precedences Combination

This behaviour might be partly explained by the fact that fewer tasks do not necessarily
produce a more general explanation. For example, consider the set of tasks in Figure 1.
Detectable Precedences is able to propagate estc > 8. The explanation for this propagation
produced by the Last Cluster method is estq4 > 0Aest4 < 4dAestp > 0Aestg < dAestc > 2.
On the other hand, the explanation produced by the Minimum-Cardinality Suffix method
isestgp > 4 Nestgp < 4 N estc > 2. Despite requiring one less task, the second explanation
is not more general than the first due to the bounds of task B being stronger. To be more
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Table 2 Average metrics for the two propagation orders.

Metric DP - EF EF — DP
Time (s) 16.37 10.20
LBD 9.31 9.69
Conflicts 5133.42 4628.23
Nogood length 24.18 25.46

specific, the two explanations do not subsume each other: Last Cluster contains an additional
task, while Minimum-Cardinality relies on a tighter bound. This is due to the interaction
with the lifting procedure described in [6]. This helps explain why the smaller explanations
constructed by Minimum-Cardinality Suffix do not lead to a clear improvement in the results.

A natural next step is to study whether Edge Finding and Detectable Precedences
can be combined into a single propagator for the Disjunctive constraint. However, such a
combination is not straightforward, because the two most efficient implementations rely on
different data structures: Edge Finding is typically implemented using a ©-A tree, whereas
the linear-time Detectable Precedences algorithm uses a timeline data structure. In this
paper, we study a simpler form of combination in which both propagators are posted for the
same constraint and are executed in different orders.

We consider two configurations: Edge Finding followed by Detectable Precedences, and
Detectable Precedences followed by Edge Finding. This allows us to evaluate whether the
order in which the two propagators are applied has an effect on the resulting search behaviour.

Table 2 compares the two propagation orders. Running Edge Finding before Detectable
Precedences gives better average solving performance: it is approximately 37.7% faster and
produces approximately 9.8% fewer conflicts. However, Detectable Precedences followed
by Edge Finding obtains slightly better learned nogood metrics, with approximately 3.9%
lower average LBD and 5.0% shorter learned nogoods. This suggests that applying Edge
Finding first is more effective for search overall, even though the nogoods learned in the
opposite order appear slightly better according to these aggregate metrics. A possible reason
is that the pruning performed by Edge Finding exposes tighter bounds before Detectable
Precedences is executed.

6 Conclusion

We studied explanation generation for the timeline-based Detectable Precedences algorithm
in the DISJUNCTIVE constraint. We introduced Minimum-Cardinality Suffix, a method that
replaces the last cluster used in existing explanations by the smallest suffix preserving the
same earliest completion time. Although this produces explanations with fewer tasks by
construction, the experimental results show that this does not necessarily improve solver
performance. This is partly because fewer tasks do not yield more general explanations once
lifting is also performed. A direct analysis of the sizes of the generated explanations would
provide a more detailed evaluation, but we leave this for future work.

We also performed a preliminary study on the interaction between Detectable Precedences
and Edge Finding by running propagators for both rules in both possible orders. The results
suggest that applying Edge Finding first is generally more effective. Future work can include
adapting the implementations of the rules so they can share more information, or developing a
fully integrated propagator for the two rules, with explanations that exploit this interaction.
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