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—— Abstract

Neural networks are susceptible to adversarial examples—inputs with subtle perturbations that
trigger erroneous outputs and potentially catastrophic failures. Neural network verification addresses
this by formally checking whether given postconditions are entailed by specific preconditions. Most
state-of-the-art verifiers rely on abstract interpretation to overapproximate neuron bounds layer by
layer, utilizing branch-and-bound methods to achieve completeness. However, a significant gap exists
between theoretical soundness and practical implementation: standard floating-point arithmetic
introduces rounding errors that accumulate during computation, potentially leading to unsound
verification results. While the continuous constraint solving community has long addressed numerical
inaccuracies by accounting for floating-point rounding errors, this rigorous treatment is not yet
widespread in neural network verification. Our preliminary experimental results demonstrate that
unsoundness issues manifest in several state-of-the-art neural network verifiers. To bridge this gap,
we propose JET, a GPU-based sound continuous constraint solver. JET integrates sound floating-point
interval arithmetic with constraint propagation and a search method, providing a framework that
guarantees numerical soundness while leveraging the parallel performance on GPU.

2012 ACM Subject Classification Computing methodologies — Parallel computing methodologies

Keywords and phrases Neural network verification, continuous constraint satisfaction problems,
constraint programming, abstract interpretation, GPU

Digital Object Identifier 10.4230/LIPIcs.CPSATDP.2026.23

1 Introduction

Neural networks are vulnerable to adversarial examples [17]. These are inputs that are
initially correctly classified, but their predictions will be changed (misclassifications) when
they are perturbated with slight noise that is imperceptible to humans. For example, in an
autonomous car system, a neural network can correctly identify a clean stop sign on the road,
yet fail to classify it accurately if there is a specific sticker pattern on it or if the brightness
differs from the training data set [4]. Such misclassifications could lead to critical errors and
potentially result in accidents that endanger the driver and other road users. Given a certain
input perturbated space, verifying whether a neural network can consistently produce the
expected results is therefore a crucial and necessary step before deploying it in safety-critical
applications. This step is called neural network verification.

Although various efficient neural network verifiers [3, 12, 20] claim theoretical soundness
and completeness, few rigorously address the intricacies of floating-point arithmetic. Under
the IEEE-754 standard [7], a floating-point number is represented by three components: a
sign bit, an exponent, and a significand. Precision is determined by the bit-width of these
components. While this standard ensures consistent representation across diverse hardware
environments, it also introduces rounding errors that can compromise verification reliability.
The primary issue is that most real numbers cannot be exactly expressed within this finite
representation. Consequently, floating-point arithmetic exhibits critical limitations: first, it
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does not satisfy the associative law; second, arithmetic outcomes often vary across different
precisions due to the distinct accumulation of rounding errors.

Because of these floating-point arithmetic limitations, some neural network verifiers might
wrongly conclude the safety of a neural network w.r.t. the preconditions and postconditions
(Section 4). Soundness is the absence of such behavior. Indeed, the critical nature of sound
floating-point arithmetic in neural network verification has recently been highlighted by
[16, 22]. Despite this growing awareness, many existing tools still suffer from incorrect floating-
point implementations, potentially leading to catastrophic consequences in safety-critical
applications. To date, no solution has been proposed for this issue.

To mitigate these numerical issues, we propose to investigate continuous constraint
programming for sound neural network verification. The main idea is to overapproximate
a real number r using an interval [¢,u] such that r € [¢,u]. To ensure soundness during
computation, we explicitly account for floating-point rounding errors by employing directed
rounding modes: the lower (upper) bound is calculated using downward (upward) rounding.
This approach is a cornerstone of several interval-based continuous constraint solvers, such
as IBEX [1] and RealPaver [5]. Generally, these solvers integrate rounded interval arithmetic
and constraint propagation with systematic search to achieve completeness.

While these techniques are standard for solving continuous constraint satisfaction problems
(CCSPs), few neural network verifiers rigorously account for floating-point rounding errors
during computation. We note that while certain frameworks [14, 15, 13] employ similar
overapproximation techniques via directed rounding on both CPU and GPU, they rely
on bound propagation, which is an incomplete method. To achieve completeness, these
tools typically interface with mixed-integer linear programming (MILP) solvers, which may
compromise floating-point soundness (Section 4). Although PyRAT [12] is among the few
verifiers that incorporate directed rounding, its GPU backend relies on the PyTorch library [§],
which does not support controlled rounding modes. Consequently, the GPU-based extension
of PyRAT lacks the numerical soundness guarantees provided by its CPU implementation.

Another distinct advantage of interval-based continuous constraint solvers is that, un-
like conventional modeling in MILP [19], they do not require auxiliary binary variables to
represent piecewise linear functions (Section 3). This formulation offers a more concise repres-
entation and naturally extends to various nonlinear activation functions. Furthermore, recent
verification studies have demonstrated that incorporating backward analysis significantly
enhances verification precision [11], our framework inherently facilitates this by leveraging a
combination of forward and backward propagation. As a result, backward analysis is implicitly
and automatically integrated into the verification process.

To bridge the gap between theoretical soundness and practical floating-point implementa-
tion, we introduce JET, the first sound GPU-based continuous constraint satisfaction solver.
JET extends Turbo, a GPU-based discrete constraint solver [18], by supporting continuous
domains and constraints for neural network verification. JET fully leverages GPU parallelism
while maintaining rigorous numerical guarantees by integrating sound interval arithmetic
and constraint propagation within a systematic search framework.

The main contributions of this work are as follows:

We propose a sound continuous constraint satisfaction solver, JET, for neural network

verification.

We evaluate our approach on the SAT-ReLU benchmark from VNN-COMP 2025 [10],

demonstrating that JET consistently provides numerically sound verification results.

Our analysis of the preliminary results reveals that neglecting floating-point rounding

errors can lead to unsound conclusions in state-of-the-art verifiers.
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2 Background

JET is a general continuous constraint satisfaction solver. To generalize the continuous
constraint satisfaction problem (CCSP) formulation for it, let X be a finite set of continuous
variables and C be a finite set of constraints. A constraint network® is then defined as
a pair (d,C), where d € X — P(R) is a domain function that maps each variable to its
corresponding domain. We denote the set of all domain functions by D, which is ordered
pointwise (d < d' < Vz € X,d(x) C d'(x)). An assignment is a mapping asn € X — R, and
Asn denotes the set of all possible assignments. The set of solutions satisfying a constraint
¢ € C is given by rel(c) C Asn. Consequently, the solution set sol for a constraint network
(d,C) is defined as: sol(d,C) £ {asn € Asn | Vx € X,asn(z) € d(z) AVc € C,asn € rel(c)}.
Notably, it is impossible to identify sol(d,C) by enumerating all assignments in a constraint
network (d, C), since the set of all potential assignments are in P(R) which is an infinite set.
To address this, we follow the framework of abstract interpretation [2] and rely on an
abstraction A overapproximating the set of solutions. The abstraction is connected to the
set of solutions through a monotone concretization function v : A — P(Asn). Soundness is
the mathematical property guaranteeing that we overapproximate the set of solutions. An
element a € A is soundly approximating the solutions’ set sol(d, C) iff v(a) D sol(d,C). It
ensures that a preserves all solutions of the constraint problem, however, it may introduce
spurious solutions—elements in the abstract set that do not satisfy the original constraints.
Proving soundness of a verifier amounts to proving that every intermediate element a soundly
approximate the solutions of the constraint network. Given a sound solving procedure, if we
obtain an element a such that vy(a) = {}, we can conclude the problem is unsatisfiable and
the network satisfies the properties under considerations. In the opposite case (y(a) # {}),
we cannot reach any conclusion. To improve this situation, we shall attempt to extract
from a an underapproxzimation u such that y(a) 2 v(u) and v(u) C sol(d,C). In our setting,
a non-empty underapproximation (y(u) # {}) is a counterexample. We illustrate these
definitions with the interval abstract domain, the abstraction chosen in this work.

2.1 Interval Abstract Domain

Due to the inherent limitations of finite-precision floating-point representations, computers
cannot exactly represent all real numbers. We employ floating-point intervals to overapprox-
imate real numbers. Let F be the set of finite floating-point numbers representable under
the IEEE-754 standard [7]. Note that we exclude the NaN (Not-a-Number) symbol from F,
as it lacks a total ordering w.r.t. other floating-point numbers. We denote by MIN__FP and
MAX_ FP the least and greatest representable values in F, respectively. Furthermore, we
define the extended set F*° = F U {—o00, +00}, where —oo and +oo serve as the lower and
upper bounds, such that min F* = —oco and maxF*>° = +o0.

A real number r is then overapproximated by an interval [r, 7], where r, 7 € F* such that
r € [r,7]. To obtain the most precise overapproximation, r () must be the greatest (least)
floating-point number less (greater) than or equal to r. If r < MIN_FP (or r > MAX_ FP),
the resulting interval is defined as [—oo, MIN__FP] (or [MAX__FP,400]).

» Definition 1. A set of floating-point intervals 1 is a complete lattice (I, C) = ({[¢,u] | £ €
Fu{—oo},u €e FU{+o0},£ <ujU{L},C,M,,L). Let [¢,u],[¢',u'] €1, the lattice operators
and special elements are defined as follows:

! Internally, the constraint network is ternarized in JET to better align with the GPU architecture [18].
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=
£
In

e l>0 A<,
[max{¢, '}, min{u,v'}] if max{¢,¢'} < min{u, v’}

(6, u] [ 0] = { :

1 otherwise
[0, u) U0, u'] £ [min{f, ¢'}, max{u,u'}],

Y ([, u]) 2 {@ iflbul =1L

{reR|¢<r<u} otherwise
The greatest element can be represented as the interval [—oo, +00], hence there is no need to
add a special top element T.

2.2 Soundness of Floating-Point Interval Propagation

To ensure soundness, we account for floating-point rounding errors by performing interval
operations with directed rounding. Following standard conventions [2] for extended floating-
point arithmetic on F*°, we define: 0o + 0o = 00, 00 + ¢ = 00, ¢ + 00 = 00, —00 + ¢ = —00,
¢+ (—00) = —00, and —o0 + (—00) = —oo, where ¢ € F. Let [(,u], [¢',u], L € I. The sound
interval arithmetic operators, incorporating the max operator for ReLLU activations, are
defined below in accordance to, e.g., [2].

For all operations ¢ € {®,0,®}, [(,u]o L =L o[l,u] = L.

[Cou] @ [0, u] =0+ 0 u+u]
ol u] = [—u, -/
[ ulo [l u])=1[—u,u—1]

[max{/, ¢'}, max{u,u'}], max([(,u], L) =[{,u]
(min{£¢', tu', wl’, wu' }, max {00, b/, ul’, uu'}]
[min{%,%,%,u/u'},max{ﬂ/ﬁ’,ﬁ/u’,u/ﬂ’,u/u’}] 0¢ [, u]

[—00, 0] otherwise

max ([¢, u], [¢',u])
6] ® ¢,

[Cu) @ [0, u] 2 {

» Definition 2. The interval abstract domain (A, C) = (X — I, E,I;I,I;hl) is a complete
lattice, where all operators are lifted pointwise from (I,C). Let d,d’ € X — 1, the pointwise
lattice operators and special elements are defined as follows:

dC d < Ve eX:dx) Cd(x),

dnd £ xeXw—dx)nd(z),

did 2z eXwdz)ud(z),

l2zexX—1,

4 £ {asn € X = R | Vz € X,asn(z) € y(d(z))}.

By Definition 2, each variable is abstracted as a floating-point interval. The Cartesian
product of each floating-point interval is called a boz. The precision (width) of an interval
[¢,u] is computed as u — £. By employing upward rounding, we ensure that the computed
width is a safe overapproximation, thereby guaranteeing that the algorithm only terminates
when the true interval width is strictly within the precision e. Accordingly, the precision of
a box is determined by the maximum width among its intervals. In practice, a predefined
precision ¢ is employed to facilitate algorithmic convergence; in this study, we set e = 1076
for the evaluations in Section 4.

To characterize the solution space, we categorize boxes into three distinct types based on
their solution status: 1) solution box (S): A box where every point is guaranteed to be a
solution. 2) boundary box (B): A box containing both solution and non-solution points,
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typically arising in the presence of inequalities. 3) unknown box (U): A box where no
solution can be definitively identified, yet which is pruned from the search tree because its
width has reached the precision €. Based on these definitions and principles, we formally
define the sound floating-point interval propagator for each constraint ¢ € C in Definition 3.

» Definition 3. A floating-point propagator for a constraint ¢ € C is a function p. € Ay — Ap
such that Ya € Ay, p.(a) respects the following properties:

reduction: p.(a) C a,

monotone: a C a’ = p.(a) C p.(a’),

soundness: sol(a,{c}) C sol(p.(a),{}).

3 An Overview of JET for Neural Network Verification

While JET is designed as a general-purpose solver supporting continuous domains, in this
study, we specifically investigate its application and efficacy in neural network verification.
First, we build a CCSP model (2) by reformulating the neural network verification problem
(Eq. (1)). Subsequently, we introduce a solving algorithm, branch-and-prune algorithm based
on the interval abstract domain and sound floating-point propagation. These components are
established in existing interval-based solvers [1, 5], JET thus integrates them into a GPU-based
architecture. Developed as an extension of Turbo [18]—a state-of-the-art GPU-based discrete
constraint solver.

3.1 A CCSP Model

The neural network verification problem is formally defined in Eq. (1). If there exists a per-
turbed input vector x € ®(xq, €) such that the output of the network N satisfies the negated
predicates =¥ (SAT), then x is identified as an adversarial example (or counterexample). If
no such input exists, the network is proven safe (UNSAT) within the specified preconditions.
The complexity of neural network verification has been proven to be NP-complete [9].

The neural network verification problem can also be formulated as a CCSP model (2). In
CCSP model (2), we directly model each neuron in the ReLU layer? using a pointwise max
function without introducing auxiliary binary variables to represent piecewise linear function.
This modeling approach can be seamlessly applied to other general nonlinear activation
functions, such as sigmoid and tanh.

Xpp1 = Wexp+by V0elA
x¢+1 = max(0,x,) VL€ LE
x1 € ®(x0,€)
0< W“L‘x“l“
xs € R Ve e L
yeR

Ix € ®(x0,¢): N(x) = P (1)

3.2 Branch-and-Prune Algorithm

We combine floating-point interval propagation with a branch-and-prune algorithm (BP)
to achieve both soundness and completeness. BP is a search framework that interleaves

2 In this study, we focus on Rectified Linear Unit (ReLU) activation function only.
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branching and pruning strategies to reduce domains and determine whether a solution exists
within a box under a given precision €. The details of the BP are presented in Algorithm 1.

In Algorithm 1, the input parameters consist of an initial box x (representing an overap-
proximation of the problem), a constraint set C, the postconditions ¥, and a precision e.
Although ¥ is included within C for the propagation step, we still need it in the underap-
proximation step. The algorithm initializes three structures: a stack Q for unexplored search
tree nodes, a set B for boundary boxes, and a set U for unknown boxes. Since the CCSP (2)
includes both equations and inequalities, verifying whether all points within a continuous
box are solutions remains non-trivial; this complexity precludes the explicit consideration of
solution boxes in our approach.

Algorithm 1 is a depth-first search algorithm exploring the search space. It terminates
when either the entire search space has been explored or a counterexample is identified. The
solving process alternates floating-point interval propagation to prune variable domains and
search by bisecting a domain to generate subproblems.

Given the compositional structure of neural networks, it is unnecessary to branch on all
variables in the CCSP (2); instead, branching can be restricted to the input variables, as the
values of subsequent variables are determined by the networks’ relational constraints. To
determine the status of a current box q, an underapproximation method is used to extract
the midpoint m from the input neurons and verify if it is a solution by feeding it back to the
network N. If N(m) violates the postconditions W, it is identified as a counterexample (sat).
Otherwise, the algorithm continues to branch on q, or categorizes the box as unknown if
its precision is less than or equal to e.

Upon completing the search, if U is empty, the network is proven safe (unsat) under
the given conditions. Otherwise, the presence of a counterexample cannot be determined,
and the algorithm returns unknown. Note that Algorithm 1 terminates immediately after
finding a counterexample. This distinguishes it from standard BPs, which typically aim to
exhaustively identify all solutions within the search space.

4  Preliminary Experimental Results

4.1 Soundness Issues in MILP Solver

In this section, we first demonstrate that the MILP solver Gurobi has a soundness issue;
but similar issues occur in other MILP solvers. In our preliminary experiments, we compare
Gurobi [6] (version 12.0.3) with IBEX (version 2.9.1.0) [1], an interval-based constraint solver®.
The experiment is conducted on a machine equipped with a 2.3GHz 6-core AMD Ryzen 5
PRO 5650U CPU and 16 GB of memory.

We evaluate an instance (Kinl.bch) provided by the IBEX team. The solution* obtained
from Gurobi is as follows:

Solguropi = {t1 +— 3.541589115876881, to — 2.528671886043263, t5 — 2.200031289188270,
ty — 2.463425269084723, t5 — 1.392156881933631, ts — 1.827868726794066}.

Due to its interval-based solving strategy, IBEX returns 16 solution boxes. We select the

3 Both solvers use their default parameter settings.
4 We present the solutions using 15-digit precision.
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Algorithm 1 Branch and Prune Algorithm for Neural Network Verification
Input: x,C, ¥, e
Result: unsat / sat / unknown

Q={x},B=0,U=0; // initialization
while Q # () do
q = pop(Q) ; // select next sub-problem as q
forall c € C do
| pe(a) ; // Definition 3
if q # | then

if width(q) < e then
if underapprozimate(q, ¥, €) then

LBBU{Q};

return sat ; // terminate when there is a counterexample
else
| U=Uu{a};
else

L Q =QUbranch(q,e) ; // generate 2 subproblems in node list Q

return U = () ? unsat : unknown ;

box most comparable to Solg,,op; for evaluation:

Soliper = {

23:7

t; — [3.541589115876879, 3.541589115876882], t2 — [2.528671886043245,2.528671886043252],
t3 — [2.200031289188303, 2.200031289188314], t4 > [2.463425269084697, 2.463425269084708],
ts — [1.392156881933624, 1.392156881933633], t — [1.827868726794062, 1.827868726794066] }.

Critically, we observe that Vi € {2,3,4}, Solgurobi(ti) ¢ Solipes(t;). Theoretically, each
solution box produced by IBEX is guaranteed to contain a true solution. This discrepancy
indicates that, due to the inherent limitations of standard floating-point arithmetic in MILP
solvers, Gurobi cannot guarantee that its solutions are numerically sound.

4.2 SAT-ReLU, VNN-COMP 2025

To validate the soundness of floating-point arithmetic in JET across both CPU and GPU
platforms, we conducted experiments using the SAT-ReLU benchmark from VNN-COMP
2025 [10]. SAT-ReLU is specifically designed to verify the correctness of neural network

verification tools, consisting of 100 instances equally divided into 50 SAT and 50 UNSAT cases.

Each instance features a neural network with a single hidden layer and one ReLU layer, with
the number of input and hidden neurons varying across instances. The experiments were
performed on a system equipped with dual 14-core Intel Xeon E5-2680v4 CPUs (2.4GHz),

128 GB of memory, and an NVIDIA Tesla V100-SXM2 GPU.
We evaluate the performance of JET against with IBEX [1]° and two state-of-the-art neural

5 As experiments for IBEX are still ongoing, its complete evaluation results are omitted from Table 1. For
our preliminary offline experiments, IBEX was evaluated under its default configuration using 20 small
instances from the SAT-ReLU benchmark. Among these, IBEX successfully verified only 2 instances

CPSATDP 2026
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Table 1 Verification results from JET compare with a/5-CROWN and PyRAT.
Values outside and inside the parentheses denote the results of the CPU and GPU implementations.

Verifiers SAT UNSAT UNKNOWN TIMEOUT WRONG
af-CROWN’25 50 (50) 50 (50) 0 (0) 0 (0) 0 (0)
a3-CROWN 0 (1) 0 (1) 97 (8) 0 (88) 3(2)
PyRAT 0(0) 17 (10) 0 (0) 83 (87) 0 (3)
JET 18 (18) 2 (4) 0 (22) 80 (55) 0 (0)

network verifiers on SAT-ReLU: aS-CROWN [20, 21] and PyRAT [12]. These verifiers utilize
diverse constraint solving techniques and abstract domains®.

Given their maturity, many of these tools incorporate integrated falsification methods
(attacks) that can identify counterexamples during a preprocessing stage, potentially bypassing
the verification process. To ensure a fair comparison focused strictly on constraint solving
capabilities, we disabled these attack-based features. A timeout of 5 minutes was set for each
instance, encompassing both preprocessing and the overall solving procedure, with all other
parameters kept at their default values”. In the following, we discuss several key insights
and observations derived from the results in Table 1.

Although «8-CROWN verified all instances in the SAT-ReLU benchmark without incorrect
results during VNN-COMP 2025 [10], our analysis reveals potential underlying issues. While
«a-CROWN’ 25 produces correct results under their competition-specific configurations—which
rely on a MILP solver paired with falsification attacks—discrepancies arise when such attacks
are disabled. Specifically, we observe inconsistencies when utilizing the default branch-and-
bound algorithm in «-CROWN. Notably, even with the use of a MILP solver, numerical
instability remains a concern; as demonstrated in the previous experiment.

Floating-point soundness is exclusively guaranteed within the CPU implementation in
PyRAT [12]. Due to this limitation, 3 incorrect verification outcomes were observed when
employing the GPU version, which currently lacks floating-point soundness guarantees.

Based on these preliminary experimental results, JET successfully demonstrates its floating-
point soundness. JET leverages a simplified yet efficient overapproximation strategy to
achieve competitive performance against existing tools that rely on more complex abstract
domains (e.g., zonotopes or polyhedra) and sophisticated search heuristics. Nevertheless,
for certain instances in this benchmark, JET failed to reach a conclusive result within the
timeout, potentially stemming from insufficient precision in both the overapproximation and
underapproximation processes.

5 Conclusion

This paper represents an initial step toward leveraging continuous constraint solving tech-
niques for sound neural network verification. Currently, achieving conclusive results within
reasonable time limits remains a significant challenge. We identify two primary bottlenecks:
first, the underlying overapproximation may lack the precision required to establish tight
verification bounds; second, the underlying underapproximation may be insufficient for
identifying a counterexample.

5 The domains include: polyhedra (o3-CROWN) and zonotopes (PyRAT).
7 The CPU implementation of PyRAT is configured to employ sound floating-point arithmetic modes.
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