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Abstract4

We compare the complexity of a range of new cutting planes (CP) subsystems that exploit cardinality5

constraints. We show CP paired with cuts from linear programming and mixed integer programming6

can be powerful especially when considering such cardinality constraints. Through this investigation7

we re-examine the power of saturation and find an exponential refutation separation between it and8

these new subsystems.9
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1 Introduction13

Pseudo-Boolean (PB) constraints, which express integer linear inequalities over Boolean vari-14

ables, offer a significantly more expressive and succinct framework than standard Conjunctive15

Normal Form (CNF) clauses. The natural proof system underlying conflict-driven PB solvers16

is Cutting Planes (CP), which traditionally generates derivations of new constraints through17

linear combinations and division (or saturation) rules. However, with the rise of PB solvers18

such as RoudingSAT [3] it is of particular interest to investigate restricted subsystems of19

cutting planes that can boost performance while remaining practically feasible.20

To date, the proof complexity of these PB subsystems has primarily centered on the21

interplay between division and saturation. Vinyals et al. [6] proved that saturation-based22

systems with polynomially bounded coefficients are polynomially simulated by standard23

resolution. While they proposed candidate formulas suggesting division might be exponentially24

stronger than saturation, they were unable to formally establish this separation. To bridge this25

gap, Gocht et al. [5] formally separated the two rules. They established that division, even26

when heavily restricted to cancelling addition (generalized resolution), can be exponentially27

more powerful than saturation with unrestricted linear combinations. Conversely, they28

showed that simulating even a single saturation step can require a non constant number of29

division operations.30

Operations research has long been interested in a range of separate derivation rules for31

knapsack like problems within Integer Programming. Such rules include cover cuts which32

derive clauses and extended cover cuts which derive cardinality constraints [1]. Cardinality33

constraints have seen practical implementations in pseudo boolean solvers [2] yet to the best34

of our knowledge have not been reviewed from a proof complexity perspective against current35

cutting planes rules. In this paper, we explore how the proof complexity of saturation and36

cover cut rules compare.37

2 Preliminaries38

By pseudo-Boolean (PB) constraints we always mean 0-1 integer linear constraints. In what39

follows, all such constraints are assumed to be written in normalized form as non-negative40

linear combinations of literals
∑

i aili ≥ A, where the coefficients ai ∈ N0 are non-negative41

integers, the degree of falsity A ∈ N+ is a positive integer, and literals li represent variables42

xi or negated variables x̄i (which cancel to produce xi + x̄i = 1, and where at most one43
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of xi and x̄i appears in any constraint). Constraints of the form
∑

i aixi ≤ C are trivially44

transformed into normalized form by negating the variables.45

The cutting planes proof system can be defined as consisting of rules for literal axioms46

li ≥ 0 , (1)47

linear combination48 ∑
i aili ≥ A

∑
i bili ≥ B∑

i(cAai + cBbi)li ≥ cAA + cBB
[cA, cB ∈ N0] , (2)49

and division50 ∑
i aili ≥ A∑

i⌈ai/c⌉li ≥ ⌈A/c⌉
[c ∈ N+] . (3)51

An alternative to using division is the saturation rule:52 ∑
i aili ≥ A∑

i min(ai, A)li ≥ A
. (4)53

We denote the proof system utilizing literal axioms, linear combinations, and saturation as54

CP+Sat.55

In addition to the cutting planes rules above, there also exists the cover cut rule from56

integer programming for capacity constraints of the form
∑

j ajxj ≤ C.57

A subset of variables S is a cover if its total weight strictly exceeds the capacity,58 ∑
j∈S aj > C. Because the variables in S cannot all simultaneously be assigned to 1,59

we can derive the basic cover cut:60 ∑
j∈S

xj ≤ |S| − 1 . (5)61

In CP normal form this gives us
∑

j∈S x̄j ≥ |S| − 1. It can be observed that such a constraint62

will always output a clause. We shall refer to CP (without division or saturation) paired63

with this rule as CP+Cover.64

Given a cover S, let M = maxk∈S ak be the maximum weight in S and the extended set65

E = {j /∈ S | aj ≥ M}. This yields the extended cover cut:66 ∑
j ajxj ≤ C∑

j∈S∪E xj ≤ |S| − 1 . (6)67

Expressed over negative literals, this cut takes the equivalent form
∑

j∈S∪E x̄j ≥ |E| + 1.68

We refer to constraints of this form as cardinality constraints.69

3 The Separating Formula70

▶ Theorem 1 (Main Separation). There exists a family of pseudo-Boolean formulas {Fn}∞
n=171

of size polynomial in n such that:72

1. Fn has a polynomial-size refutation in CP+Sat.73

2. Any refutation of Fn in CP+Cover requires size 2Ω(n).74
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3.1 The Formula Fn75

Let n ∈ N+. The formula Fn is a pseudo-Boolean instance over matrix variables xij ∈ {0, 1}76

for i ∈ [4n + 3], j ∈ [2n + 1] and auxiliary variables yik ∈ {0, 1} for i ∈ [2n + 1] and k ∈ [n].77

For each i ∈ [2n + 1], we partition the 2n off-diagonal indices [2n + 1] \ {i} into two disjoint78

sets Si
1 and Si

2 such that Si
1 ∪ Si

2 = [2n + 1] \ {i} and |Si
1| = |Si

2| = n.79

▶ Definition 2 (Formula Fn). The formula Fn consists of the following sets of constraints:80

Split rows (i ∈ [2n + 1]):81

nxii +
n∑

k=1
yik +

∑
j∈Si

1

xij ≥ n (7)82

nxii +
n∑

k=1
ȳik +

∑
j∈Si

2

xij ≥ n (8)83

Lower rows (i ∈ {2n + 2, . . . , 4n + 3}):84

2n+1∑
j=1

xij ≥ n (9)85

Columns (j ∈ [2n + 1]):86

nxjj +
∑
i̸=j

xij ≤ 2n (10)87

By adding the two split row constraints (7) and (8) for a given i ∈ [2n + 1], the auxiliary88

variables cancel out (
∑n

k=1 yik +
∑n

k=1 ȳik = n), yielding the combined upper row:89

2nxii +
∑
j ̸=i

xij ≥ n (11)90

In CP+Sat, any coefficient exceeding the right-hand threshold can be reduced instantly.91

Applying the saturation rule to (11) reduces the coefficient of xii from 2n to n, yielding the92

saturated constraint:93

nxii +
∑
j ̸=i

xij ≥ n (12)94

To build our intuition for the upper and lower bounds, it is helpful to view the matrix95

variables xij as representing a bipartite network flow problem. In this view, the row96

constraints represent "demand" that must be satisfied, and the column constraints represent97

the maximum "capacity" or "supply" available to satisfy that demand.98

▶ Lemma 3 (Upper Bound). The formula Fn has a CP+Sat refutation of size O(n).99

Proof. For each i ∈ [2n + 1], summing the split row axioms (7) and (8) eliminates the100

auxiliary y-variables. Saturating the resulting inequality yields the saturated upper row101

(12). Summing these 2n + 1 saturated upper rows together with all 2n + 2 lower rows (9)102

yields a global variable demand of 4n2 + 3n. However, summing all 2n + 1 column capacity103

axioms (10) restricts this exact same set of variables to a maximum global supply of 4n2 + 2n.104

Resolving these two aggregated bounds yields the immediate contradiction 0 ≥ n. Since each105

row and column is processed a constant number of times, the total size of the refutation is106

O(n). ◀107
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4 The Exponential Lower Bound for CP+Cover108

In this section, we prove the second half of Theorem 1: that CP+Cover requires exponential109

size to refute Fn. Our proof proceeds in two main phases. First, we establish a width lower110

bound, proving that no narrow clause can be derived even under a noisy partial assignment.111

Second, we apply a random restriction that eliminates wide clauses with high probability,112

forcing the proof system into the narrow-clause regime where it becomes permanently stuck.113

▶ Theorem 4 (Width Lower Bound). Let A be any partial assignment to the variables of Fn114

fixing at most n/16 variables in any single row or column, and fixing at most n/16 diagonals115

xii in total. We define the x-width of a clause as the total number of primary matrix variables116

xij it contains. Then no clause D of x-width ≤ n/16 over the A-free variables can be derived117

by CP+Cover from Fn|A.118

Proof. Let D be an arbitrary clause of width |D| ≤ n/16 over the variables left free by A.119

Let α be the unique minimal assignment to these free variables that falsifies D. To prove that120

D cannot be derived, we must demonstrate that Fn|A∪α is locally consistent. We establish121

this via the following lemma. ◀122

▶ Lemma 5 (Local Fractional Consistency). There exists a real-valued extension β ∈ [0, 1] for123

all remaining free variables such that β strictly satisfies all constraints in Fn|A∪α.124

Proof. 4.0.0.1 Setup and Row Partitioning.125

We partition the upper rows i ∈ [2n + 1] into three sets based on the status of their diagonal126

variables xii under A ∪ α: P1 (fixed to 1), P0 (fixed to 0), and P ∗ (completely unassigned).127

Let |Dfixed| = |P1| + |P0| be the total number of fixed diagonals. Since A fixes at most128

n/16 diagonals by hypothesis, and α fixes at most |D| ≤ n/16 variables in total, we have129

|Dfixed| ≤ n/16 + n/16 = n/8.130

For each upper row i, let ki denote the number of off-diagonal variables xij (j ̸= i) fixed131

to 1 by A ∪ α. A fixes at most n/16 ones per row, and α contributes at most |D| ≤ n/16132

ones in total, ensuring ki ≤ n/16 + n/16 = n/8.133

4.0.0.2 Fractional Assignment to the Upper Matrix.134

We assign values β(xij) and β(yik) to the remaining free variables to explicitly satisfy the135

split row constraints (7) and (8). Because A leaves all auxiliary variables unassigned and α136

fixes at most n/16 variables in total, every row retains at least 15n/16 free yik variables. This137

provides ample continuous slack to balance the split constraints via a fractional assignment138

β(yik) ∈ [0, 1].139

For i ∈ P1: The diagonal xii = 1. We set all free off-diagonals xij and all free auxiliary140

variables yik to 0. Because xii = 1, the split rows demand n(1) + · · · ≥ n, which are both141

strictly satisfied regardless of the auxiliary values.142

For i ∈ P0: The diagonal xii = 0. We must fractionally assign exactly n − ki weight143

across the free off-diagonals. To do this constructively, we uniformly distribute this weight144

across the remaining free variables in Si
1 and Si

2. Since A ∪ α fixes at most n/8 variables145

per row, each partition retains at least 7n/8 free variables. By setting each free xij to146

an equal fraction, the total weights W1 and W2 naturally balance such that the ample147

remaining free yik variables can easily be set fractionally to satisfy the exact inequalities148

of (7) and (8).149
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For i ∈ P ∗: We set the fractional diagonal β(xii) = n−ki

2n ∈ [0, 1]. No pumping of off-150

diagonals is needed; all remaining free off-diagonals in the row are set to 0.For split rows151

let ki,1 and ki,2 denote the number of off-diagonals fixed to 1 in Si
1 and Si

2 respectively152

(where ki,1 + ki,2 = ki). Substituting β(xii) into the split rows reveals that they are both153

satisfied if and only if the total sum of the auxiliary variables is exactly:154

n∑
k=1

β(yik) = n + ki,2 − ki,1

2 .155

Because the noise guarantees ki,1, ki,2 ≤ n/8, this required target sum falls in the range156

[ 7
16 n, 9

16 n]. Since A ∪ α fixes at most n/16 auxiliary variables in total, their fixed values157

contribute at most n/16 to this sum, leaving a remaining target weight of roughly n/2.158

With at least 15n/16 free yik variables available in the row, we uniformly distribute159

this remaining target weight across them. This results in a valid fractional assignment160

β(yik) ∈ [0, 1] (approximately 1/2) that perfectly balances the split constraints.161

4.1 Bounding the Global Column Load162

Instead of bounding the capacity of each column individually, we bound the exact total load163

imposed on all columns by our fractional assignment to the upper rows. Because every assigned164

value β(xij) contributes to both a row sum and a column sum, the total column load exactly165

equals the sum of all satisfied upper row demands:
∑2n+1

j=1 cj =
∑2n+1

i=1 (nβ(xii)+
∑

j ̸=i β(xij)).166

Based on our exact assignments in the previous step, we can bound this total load:167

For the fixed rows (i ∈ P1 ∪ P0), the assigned load depends on the diagonal. If i ∈ P0,168

the load is exactly n. If i ∈ P1, the load is n + ki ≤ n + n/8 = 9
8 n. In the worst case, all169

n/8 allowed fixed rows fall into P1, meaning their maximum total contribution to the170

column load is (n/8)( 9
8 n) = 9

64 n2.171

For the free rows (i ∈ P ∗), the load is nβ(xii)+ki = n
(

n−ki

2n

)
+ki = n+ki

2 . Since the noise172

bounds guarantee ki ≤ n/8, each free row contributes at most n+n/8
2 = 9

16 n. With at173

most 2n + 1 free rows, their total contribution is bounded by (2n + 1)
( 9

16 n
)

= 9
8 n2 + 9

16 n.174

Summing these contributions yields an upper bound on the global column load imposed by175

the upper matrix:176

2n+1∑
j=1

cj ≤ 9
64n2 + 9

8n2 + 9
16n = 81

64n2 + 9
16n .177

Since the total initial capacity of any subset of columns V is 2n|V |, the remaining available178

supply inside V is bounded below by the worst-case scenario where V absorbs the entirety of179

the global load:180 ∑
j∈V

Sj = 2n|V | −
∑
j∈V

cj ≥ 2n|V | − 81
64n2 − 9

16n . (13)181

4.2 Local Feasibility via Gale’s Theorem182

We must now prove that a valid fractional assignment exists for the lower rows that satisfies183

their demand of n without violating the remaining column capacities. We map this to a184

bipartite network flow problem and apply Gale’s Feasibility Theorem [4].185

Let U be an arbitrary subset of lower rows (demand nodes) and V be an arbitrary subset186

of columns (supply nodes). Gale’s theorem states that a fractional assignment is feasible if187

CVIT 2016
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and only if for all subsets U and V , the total demand of U is met by the internal supply of188

V plus the external connections from the remaining columns S \ V :189

n|U | ≤
∑
j∈V

Sj + E(U, S \ V ) ,190

where E(U, S \ V ) is the number of surviving free edges connecting U to S \ V . By the noise191

bounds of Theorem 4, A ∪ α deletes at most n/8 edges per lower row. We verify Gale’s192

condition across two cases based on the size of V .193

4.2.0.1 Case 1 (|V | ≤ 7n/8):194

The external set S \ V contains at least (2n + 1) − 7n/8 > 9n/8 columns. Since every row in195

U loses at most n/8 edges to the noise A ∪ α, each row is guaranteed at least 9n/8 − n/8 = n196

valid external edges. This ensures E(U, S \ V ) ≥ n|U |. The feasibility condition trivially197

holds since n|U | ≤ 0 + n|U | ≤
∑

j∈V Sj + E(U, S \ V ).198

4.2.0.2 Case 2 (|V | > 7n/8):199

We rearrange Gale’s condition to isolate the demand forced into V : n|U | − E(U, S \ V ) ≤200 ∑
j∈V Sj . The surviving external edges satisfy E(U, S \ V ) ≥ |U |(2n + 1 − |V | − n/8). Thus,201

the left-hand demand is at most |U |(|V | − 7n/8 − 1) ≤ |U |(|V | − 7
8 n). Maximizing this over202

the |U | ≤ 2n + 2 lower rows yields a worst-case isolated demand of 2n|V | − 7
4 n2 + 2|V | − 7

4 n.203

Combining this with the supply lower bound (13), Gale’s condition holds provided:204

2n|V | − 7
4n2 + 2|V | − 7

4n ≤ 2n|V | − 81
64n2 − 9

16n .205

Canceling 2n|V | and rearranging yields 2|V | ≤ 31
64 n2 + 19

16 n. Since the total number of206

columns restricts |V | ≤ 2n + 1, the left side is at most 4n + 2. The resulting inequality207

4n + 2 ≤ 31
64 n2 + 19

16 n is satisfied for all n ≥ 9. Therefore, Gale’s condition holds, and a valid208

fractional assignment exists.209

We started with α that falsifies D. We extended α into β that satisfies Fn over the210

rationals. Because C is rationally implied, β also satisfies C. Then we round to a 0 − 1211

integer solution γ that still satisfies C. This contradicts our assumption that C implies D.212

This concludes no short clause can be derived under Fn|A.213

◀214

4.3 The Random Restriction and Final Separation215

With the width lower bound established, we can now prove the exponential size lower bound216

for CP+Cover by applying a random restriction.217

▶ Theorem 6 (Exponential Separation). Any CP+Cover refutation of Fn requires length218

exp(Ω(n)).219

Proof. Assume for contradiction that π is a CP+Cover refutation of Fn of length L = 2o(n)
220

(i.e., L = 2f(n) where f(n) = o(n)).221



J. Open Access and J. R. Public 23:7

4.3.0.1 The Random Restriction222

We define a random restriction ρ that acts only on the primary matrix variables xij , leaving223

all auxiliary variables yik completely free. Each variable xij is assigned independently at224

random as follows:225

Pr[ρ(xij) = ∗] = 127
128 , Pr[ρ(xij) = 0] = 1

256 , Pr[ρ(xij) = 1] = 1
256 .226

Because ρ only assigns values to the primary variables, the survival of a clause depends227

strictly on its x-width. An x-clause of x-width w survives ρ (meaning no x-literal in the228

clause evaluates to True) with probability at most (255/256)w.229

4.3.0.2 High-Probability Events230

We analyze two key events and show they hold simultaneously with high probability.231

Event A (All clauses of large x-width are falsified): Let C ∈ π be a clause of x-width232

w > n/16. Because the y-variables are left free, the probability that C survives the restriction233

relies entirely on its x-variables, which is at most (255/256)n/16. By a union bound over all234

L = 2f(n) clauses in the refutation, the probability that any clause of large x-width survives235

is bounded by:236

Pr[Ac] ≤ 2f(n) ·
(

255
256

)n/16
≈ 2f(n) · 2−Θ(n) .237

Since f(n) = o(n), this probability vanishes as n → ∞. Thus, Event A holds asymptotically238

almost surely.239

Event B (Restriction noise is bounded): We use standard Chernoff bounds to ensure ρ240

respects the noise limits required by Theorem 4.241

Fixed diagonals: Each diagonal xii is fixed by ρ with probability 1
128 . The expected242

number of fixed diagonals is µ = 2n+1
128 = n

64 + 1
128 . To bound the probability that this243

exceeds n/16, we note the ratio to the mean is (1 + δ) = n/16
n/64+1/128 = 4n

n+0.5 . For large244

n, δ ≈ 3. Applying the Chernoff bound yields an exponentially decaying probability245

Pr[fixed diags > n/16] ≤ e−Θ(n).246

Fixed variables per row/column: A row has length 2n + 1, so its expected number of247

fixed variables is µrow = 2n+1
128 ≈ n

64 . A column spans both the upper and lower rows for a248

total length of 4n + 3, meaning its expected number of fixed variables is µcol = 4n+3
128 ≈ n

32 .249

For both cases, the expectation is strictly bounded away from the threshold of n/16250

by a constant multiplicative factor (δ ≈ 3 for rows, δ ≈ 1 for columns). Applying the251

Chernoff bound ensures the probability of any specific row or column exceeding n/16252

fixed variables is e−Θ(n). Taking a union bound over all 6n + 4 rows and columns, the253

probability any line fails remains bounded by (6n + 4)e−Θ(n).254

Summing the failure probabilities for Event B yields an exponentially small quantity that255

vanishes as n → ∞. Therefore, with positive probability, there exists a specific restriction ρ∗
256

where both Event A and Event B hold simultaneously.257

4.3.0.3 Contradiction258

Consider the restricted proof π ↾ρ∗ operating on the restricted formula Fn ↾ρ∗ .259

Because Event A holds, every surviving clause in π ↾ρ∗ has width at most n/16. However,260

because Event B holds, ρ∗ satisfies all the noise prerequisites of Theorem 4.261

CVIT 2016
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Consequently, Theorem 4 dictates that no clause of width ≤ n/16 over the free variables262

can be derived. This means no matter how many linear combinations we do, on the first263

application of a cover cut we will always be left with a wide clause.264

This contradicts the assumption that π is a valid refutation. Thus, as we know CP+Cover265

is sound, any refutation in CP+Cover must have length at least L ≥ exp(Ω(n)). ◀266

5 Conclusion267

In this paper, we proved an exponential separation between cutting planes with saturation268

(CP+Sat) and cutting planes utilizing cover cuts (CP+Cover). By constructing the formula269

family Fn, we demonstrated that while saturation efficiently collapses high coefficient con-270

straints by globally reducing coefficients, cover cuts are structurally incapable of working271

with such formulas efficiently.272

Many open problems still remain such as:273

Does Fn give an exponential refutation separation for CP+Sat and CP+Extended Cover274

Cut? If using a similar restriction argument this will require some bounding of the size275

of the extension set E within Fn as otherwise the large cardinality constraints will be276

difficult to kill under the random restriction.277

This leads into the more general question of how powerful can saturation based solvers be?278

For example, can saturation based solvers ever be exponentially stronger than division (as279

posed by [3])? Does there exist further rules within LP or MIP that highlight saturations280

strengths?281
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